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Technical appendix

1 Basic expectations

If
() ()
U2 Mo Wiz W22
then
Elexp (u1)] = exp(py + -5wi1)
Elexp (u1)ug] = (pg +wiz)exp (uy + .5wir)
E [exp (u1)uj] = ((Mg +wiz)® + w22) exp (p1g + .5w11)

In particular, if w; = U, i = 1,2, and U ~ N (Ey, Vi), then the above formulae may be applied with
wi = viBu, wi = v, Vo, i = 1,2, and wiz = 7, Vus.

2 Model details

Recall that x1 ¢ is the one period rate of return, xo; is one period consumption growth, and the (¢ + 1)-period
problem is rewritten as

—+1 o [e% « —
K [ﬂq T1t4+101,642 " Tt4q+102 14102 t42 7" X2 4 q4+1 — 1|It] =0.
The one-period model is
E [5$1,t+1$g¢+1 - 1‘11&] =0,
with the conditional moment function
«
Pepr = B1ep125 0 — 1.
The unconditional moment function is
_ 3 a -1
My = 2t (PT1t+1L2 t41 ,

with the first derivative

Mo = 210114125 441 (1, Blog(z2,041)) -

The two-period model is

2 .
E [ﬁ T 11,4427 14179 142 — 1‘It] =0,

with the conditional moment function

_ 22 « @
Pogo =0 L1 4412164229 44129 442 — L.



The unconditional moment function is
my = z (ﬁ2$17t+1Il,t+2xg,t+1xg,t+2 - 1),
with the first derivative
Mot = B24T1 4417104275 41175 142 (2, Blog(w24172,42)) -

The vector of instruments is

/
2t = (T14, T14—1, " Tl t—nly+1, 2,6, L24—1, T2 ¢—niy+1,1) -
The vector z; = (21,4, Igvt)/ is lognormally distributed, and the law of motion for X; = (log x1 ¢, log Ig,t)/
is stationary VAR(1) with normal innovations U; = (uq 4, u27t)/:

Xt:)\+q)Xt_1+Ut, UtNIIDN(O,VU),

where
/\:<>\1), d— b11 P12 . V= o 0122 )
A2 P21 Do 012 03
Denote
Ex = E[X)=(L-®) "\
Vx = VI[Xi]=W+0Vyd + Vo2 4.

Estimation of the law of motion was performed subject to constraints imposed by the conditional moment
restriction. The constraints are (see Hansen and Singleton, 1982, formulas (4.5))

0 = 1L,a)®
(1,a) Vy (1,a)
2
Essentially, only one constraint on the parameters of the law of motion is imposed; the other two restrictions

0 = logB+(1,a)\+

determine the deep parameters 3 and «. Calibration using the data from the Hansen—Heaton—Ogaki (1994)
GMM package yields

A = 0.01571, Ay = 0.003291,
b1 = 0.04636, 1o = 0.01435, ¢y = 0.3935, gy = 0.1218,
o? = 0.006349, 02 = 3.221 x 1075, 015 = 0.0001086,

B = 0.9817, a = —0.1178.

For the one-period model, the DGP is such that the moment function is conditionally homoskedastic
with the variance
o2 =exp ((l,a) Vu (l,a)/) -1
In the calibrated model 02, = 0.006344. For the two-period model, the DGP is such that the moment function
is conditionally homoskedastic and homoautocorrelated, with the variance and covariance, respectively,

or, = exp(2(1,0) Vy (1,0)) — 1,
Y = €XD ((1, a) Vy (1, a)/) —1.
This implies the autocorrelation coefficient and implied MA(1) coefficient, respectively,
-1
P = (exp((La)Vy (L)) +1) ",
1 _ _
Om = 5 <pm1 - pm2 - 4) .

In the calibrated model o2, = 0.012728, p,, = 0.4984, and g,,, = 0.9235. As one can see, the serial correlation
is pretty severe. It is worth noting that the conditional moment being time invariant is a result of the log-
normal specification. It is very fortunate as it simplifies further computations and makes possible analytical
derivation of optimal instruments and efficiency bounds (see Anatolyev, 2003).



3 Derivative expectations

Denote

Vs (k) = Vi + @V d + ... + O 1V 0F Y o ok, oM
In all subsequent derivations, we make use of the fact that (1, ) ® = 0 and log 3+(1, ) Ex+.5(1,a) Vi (1,a) =
0. Let p > 0 be an integer, 7 = 0,1, Kk = 1,2, and 41,92 = 1,2; j1 = 0,1,--- ,nl;;, —1; jo =0,1,--- ,nl;, — 1.
Let “o” designate index when its value does not matter. It is easily seen that for j; > jo

S§P=FE[af ,255,,] = exp(p(1,0) Ex) x Elexp (p(1,) (X¢ — Ex))]

Ti‘i,jl = £ [wilxt—jlxit-i—lxgi-i-l]
= €xXp ((eh +p (17 O()) Ex + 5p2 (la Oé) Vu (la Oé)/) X E [exp (6i1 (Xt - EX))]
iphjl,iz;jz =k [xilvt_jlxi?vt_j?xll)7t+lx§i+l}
= exp((e; +ei, +p(1,0) Ex + .50 (1,a) Vi (1, @) + .5es, Vs (1 — j2 — 1) €l,)
XE [exp ((es, + €, ®1772) (X; — Ex))]

On the basis of “Basic expectations” we compute the following moments:

A;rlpajl (k) = E I:m;rl,t*jlmll),t+11"1),t+2x§i+lxg?;+2 IOgK(x2,t+1x2,t+2)] ,
er’fjl (k) = E [x?l,tfjlx’f’t_s_lmgﬁﬂ log’i(xQ’t+1):| .
Denote
a(j) = eV (La)' + eo (12 — @j+1) Ex,
() = ea2hL+®)Vy(La) +es (2L — (I + @) P71 Ex.
Then
BPALL (1) = ca(j1) Elexp (e, Xi)] + E [exp (e5, Xy) (ve (j1 + 1) Xy)]
B2AL () = (Cz (j1)° +e2 (Vu + (I2 + ®) Vs (j1) (T2 + @) 6/2> E [exp (e, Xt)]

+2¢5 (1) E [exp (€5, Xi) (ve (1 +1) Xo)] + E [exp (€0, Xe) (ve (1 + 1) Xi)?

AU (1) = e (0) Blexp ((1,0) X)) + B [exp (1,0) X1) (e2 (I + @) X,)]
BAL(2) = (e (0 +eaVueh ) B lexp ((1,0) X0)]

+261 (0) Efexp ((1,0) X1) (ve (0) Xo)] + B [exp (1, @) X,) (ve (0) X))

AW, (1)

1,51

BWLL (2)

c1 (j1) E [exp (es, Xi)] + E [exp (es, X¢) (€207 X;)]

(1 (1)* + €2V () e ) E'lexp (s, X0)]

+2¢1 (j1) E [exp (es, X1) (2771 X,)] + E [exp (€5, X2) (62@1+1Xt)2}
Wt (k) = Elexp(p(l,a) Xy) (e2X0)"]

where v, (j) = ez (I + @) 7.
We also need

Poi1 Poai2 Toa Piii1 Pii2 Toa
A !
To=E[zz]=| Po21 Poz2 Toz |, Ti=FE[zz ] =| Pia1 Pioa Top
! ! / /
To1  Toe 1 Ty, Tie 1



where

Poiyi, = H i1,71,%2 Jz”jlzo,...,nlilfl,jzzo,...,nlbfl To,i, = H i Jl“jlzo,-..’nlilfl
Priie = 10l Ty = 7
L1tz Pitininidallji=0, mty 1, o=t miyy,  Vin = 1 Tivgilljma, oy,

4 Derivation of optimal instrument

Because of conditional homoskedasticity and homoautocorrelatedness, it is possible to derive the optimal
instrument, i.e. the one that allows attaining the GMM/EL efficiency bound, the greatest lower bound for
the asymptotic variance of GMM/EL estimators (Hansen, 1985).

For the one-period problem, because of conditional homoskedasticity, the optimal instrument is (Hansen,

1985) ,
Ct: 02 E|: lut+1|I:|

But the first entry of

T144+129 441
1T, A
B 44125 11 log(w2,¢41)

is 371, the second entry is

BE (2114125 41 10g(22,141)| 1] = BE [exp (1, @) Xi11) (€2 Xip1) |14]
= PBexp((1,a) Ex) (Elexp ((1,a) Up)l ez (Ex + @ (Xi — Ex)) + E [exp (1, a) Uy) (e2Uy)])
= v (X; — Ex) + v,

where
V1 262‘1), Vo = €2 (VU (1,0{)I—|—Ex) .

The efficiency bound equals anlu, where

/ 1 —2 -1
Qeon =0 E [C,C1] = PN < ﬁ_ / /Vz ) .

1 2
w \ BT v2 viVxvi+vs

For the two-period problem, because of conditional homoskedasticity, the optimal instrument is (Hansen,
1985)

0
G = —0mCi—1 + ’y—mét,

where -
Z [aﬂt+2+z 12 }
i=0

But the first entry of

gy _
E{ —ap | =F

« «
( 2B%1 t4+14+i%1,t4+2+i %5 4114 TS 14244 > I ]
) t

2
B L1414+ T1, 44241 T8 4114009 14244 log(z2,t414i%2 t+2+i

is 267"; the second entry is

BPE [exp ((1,0) (Xes14s + Xevari) e2 (Xeg14i + Xegogi) | I

|
C Pex N ez (2Ex + (I + @) @ (X, — Ex)) x Elexp (2(1,a) Uy)]
- el B x ( B fexp ((1,0) Ur) (€2 (22 + ®) Up)] x B lexp (1, 0) Uy) >

es (I, + @) @ (X, — Ex) + 2Ex) (1 +7,,) + 2L + @) Vi (1,a)")



Thus

(oo}
: 2
0 = E|Y (=0m) BoLts14iCLeszsiCs pq14i05 42 ( )Ut
P m ) b1, LV2, b+ 144 2,8 4241 510g(x2,t+1+ix2,t+2+i)

_ [ 27 (e,
vi (X —Ex)+vs |

where

vy = (1+’7m) €2 (12—’_(1))(1)([2 +qu))717
ve = (1+0,) e (2L +®)Vy (La) +2(1+7,,) Ex)

The efficiency bound equals Qg_alw where

Qa=EFEPwm4}_%< w2ﬂ+%ﬁ22ﬁWme”w>
= t = .

o0’ ’y_m 2371 (1+ Qm)_l Vo v Vxh + 13

5 Computation of asymptotic variance

For the one-period model, the matrix of expected outer square of the moment function is Q. = 02,g, and
the matrix of expected derivatives of the moment function is

BTy BW1
Qom = E [z121,11175 1 (1 Blog(wa,41))] = 6Ty BW3
gt Wil (1)

For the two-period model, the matrix of expected outer square of the moment function is Q. =
02 To+~2 (I1 + ), and the matrix of expected derivatives of the moment function is

267'Ty B*A,
Qom = BE [2421,141%1,14225 1175 o (2 Blog(x2,411%2,42))] = | 267 ' T2 B*As
2670 BPAYL (1)

In these matrices,

T; W, = ||[Wi!

11,1 (1)Hj1=07-~7nli1—1 Ai = HAH

=175, L )]
1 HTzl,h J1=0,--,nl;; —1 1 117]1( ) 71=0,--- ,nl 1

i1
6 Computation of asymptotic bias

6.1 Computation of first component of Biasg

The key elements of the first component of Bias, are:

P1 P2 pra Pax P3 Pa Pz Py
TIT2P1P2PAPTIO2 () = [ Ly t41-sT1t42—sL2t41—sT2t42—sV1 4101 t+2T2 e 4102 142
11,71,%2,72 - T T o1 oo
Xt 51 %0 t—jo—s log(23} 11295 2)

for s > 0, as well as

m17m200p3p,0102 _ T To P3 Py P3Py o1 o2
i1,41,42,—1 0)=E [%,tfjl%,t+1$1,t+1x1,t+2x2,t+1x2,t+2 log(xz,t+1x2,t+2)] :

For the one-period model, we need

(1]

Z E [mgtEmt_s] .
s=0



Apart from the factor =, the s term E [mg;=m;_,] is

sz(l). (BD11101000 (o) _ 11001000 () +ﬂ£(2)4 (BDLH101010 () _ DLLOOOI0 ()

w5 i2,]2 11,]1,62,]2 i1,J1,12,J2 i2,J2 1,71,12,52 11,J1,42,J2
T (BDIINN (5) — DI () + 56 (BDID0 () - DI () |,
S5 6L), (BDSLRY (5) — DYUNY () + EL, (BDYLU% () = DIIAG (s)
" HE) (ADRII0 () — DI (5) 4 ) (DRSO () — DEIION ()
For the two-period model, we need
o0
E ) Eme=m_].
s=—1
Apart from the factor Z, the (s > O)th term E [mg:Emy_s] is [ times
S X265, (PDIRIY, (5) = DRWES, () + BE5), (DL, (5) = DERIL, ()
" g (82D (5) - DI () + 5D (S2DIIIL (5) - DI (5)) |
S Y25, (P DSSINY () = DSSUNY (5)) + 562, (F°DESLEY (s) = DESRI ()
" L) (52 D111 (3) — DRSO (5)) 4 BE (DRI () — DL (5)
Apart from the factor Z, the (s = —1)"" term E [mg;Zme41] is 3 times

(1) 11001200 11001100 (2) 11001211 11001111
22222, (BDLRE,—1(0) = DS, 4 (0)) + 883, (BD 2, 1 (0) — D05, 1 (0))

iz J2
26 (30902 0) - DI (0) + 967 (DI 0 - DR 0) |
1 2
S 30260, (BDOWIR0 (0) — DSWII0. (0)) + BELL, (BDIOIZL (0) — DIWOIAL (0))
2 J2
’ +2§(1) (ﬂDooomzoo (0) — D00001100 (0)) + 55(2) (6D00001211 (0) — DO0OVL11L (0))

Let us denote
ep (k‘l,k‘g)Eﬂ'leil‘bkl—Fﬂ'geiQ@kl, b, =011+ 029, CUE(Ul+02)€2EX.

s 010 . .
The term D] '7271P2P3P47192 (g} is a product of two components. The first component is
1,J1,%2,72

exp ((m1eq, +maes, + (p1 + py + p3 + p4) (1, @) Ex)
pT+p3 + P35+ pi if s >1

xexp [ 5 p2+(ppt+p)’+p3  ifs=1 p(L,a)Vu(l,a)
(o1 +p3)° + (p2 + pa)* it 5=0

Now we turn to the second component.
In the special case p; =0, p, =0, jo =—1, s =0, it is

exp (mapsei, Vi (1, @) + 57r2es, Vs (1) el)
(€2 (P3P + pso2) Vi (1, 0) + co + m2e2®0 Vs (1) €,
X X E [exp (eq (0,71 + 1) (Xt — Ex))]
+E [exp (e (0,1 + 1) (X; — Ex)) (e2®5 @ T (X, — Ex))]



In the case min (ji,j2 +s) > s — 1, it is

e R )
mien Ve (Jo +s—j1—1)e;, ifjat+s>41
(P1® + p3) P @' + 3@y + pyo if s > 1
€24 (PP + py + p3) @ + pyo2 ifs=1 pVy(l,a)
(p1+ p3) Po + (P2 + p4) 02 ifs=0
@t VG (jy —jo —s—1)€], ifj1 >ja+s
T (o s —j1—1)el, i jats >
exp ({ (ea (0,41 = j2 = ) (X¢ = Ex)) if j1 2 jo + s
(ew (jo +5—71,0) (X¢y — Ex)) ifja+s>j1
(es (0,41 — jo — 5) (Xy — Ex))

+co + eaP,

xFE

. s
~ (82@0_@]1—0—1 (Xt_EX) I 71 _j2+8
+FE |exp . .
(e<1>(‘72+8—13170)(Xt_EX)) if jo +5> j1
x (2, @725+ (X, — Ex)) N
In the case jo + s > s —1 > ji, it is
o if jy=s—1
exp T1€i § P11 P2 ifj1=s-2 0 Vu(l,a)
(P1® + po) @529 if gy <5 —2
+.5mte, Ve (o —j1+s— 1) €},
e (‘01@ + pQ) ¢J@871 + pS(bG' + p402 lf s> 1 VU (1’ Oé)/
(P1® + py + p3) Do + pyo fs=1
X —|—co—|—7T1€2cI)g¢’jl+1VZ (j2+5_j1 _1) 621

x E [exp (eq (j2 + s — j1,0) (X; — Ex))]
+E [exp (es (j2 + 5 — j1,0) (X; — Ex)) (e2®,872+F1 (X, — Ex))]

6.2 Computation of second component of Biasg

For the one-period problem, the second derivatives of the moment function are

om
—Gt = thl,t+1xgt+l (O log($2,t+1)) ’
ap '
om a
80?’5 = ZT144175 411 log(22,t+1) (1 Blog(za,e41))

so the second component of Biasg, apart from the factor —Z, is

[Z12WY, (1) + 588 Wi, (Q)Hil,jl

S1oW2h (1) + 588 W2 (2)

For the two-period problem, the second derivatives of the moment function are

Omey

o5 2247114171 44275 14175 142 (1 Blog(,i1172,042))

amgt

9 BaiT1 4410144205 11175 142 108(¥2,44122,¢42) (2 Blog(22,¢4122,¢42)) -

The second component of Biasg, apart from the factor —Z, is

157720 T, + 282041, (1) + 55°Sn Al ()|

B5n + 26%12A8%, (1) + -552222143,10 (2)

11,71




6.3 Computation of Bias;

For the one-period model, we need

Bias (s) = —XE [my,Qmy_s]

where s may vary from 0 to co. Apart from the factor —X, it is

11101000 11001000 00101000 00001000
Z Z Wi i ( ﬂDi17j1,i21j2 (S) o Dil,jl,i2,j2 (S) ) + w( ﬁDO,O;O;O (S) - D07°70,° (S) >
11,J1502,J2 \ 12 1511101010 11001010 2
11,12 J1,J2 s 11,71,%2,J2 (S) o 6Di1,j17i2»j2 (S) B Dg?olg}glo (8) o 6Dg?007%}<910 (S)
10101000 10001000 01101000 01001000
—|—Z Zw» ) ( ﬁDihjl»O;O (8) - Di17j17o7o (S) ) + Z Zw- ) < 5D°>°’i27j2 (S) N D°7°7i2’j2 (S) )
1 2 1710101010 10001010 12,72 2 101101010 01001010
iv g1 ﬂ Dil,jl,o,o (S) - ﬁDil,jl,o,o (S) is  jo ﬂ Do,o,iz,jz (5) - 6Do,o,i2’j2 (8)
For the two-period model, we need

Bias (s) = —XE [my,Qmq_g]

where s may vary from —1 to co. Apart from the factor —%3, for s > 0 it is

2111111100 _ 11001100 2 1700111100
S 25 Di1aj17i27j2 (5) 2Di17j17i27j2 (8) + 26D
Wiy, j1,ia,52

311111111 _ 11001111
in i3 1,02 B D3 jivia. (8) = BD

0,0,0,0 (S) - QD(())?OO’(QC}OO (S)>
3
R T (s) BEDYV L (s) — BDIYAIM (s)
2
207 DIOIIL () — 2DI0W10 (5)
2. i
1 g1

27101111100 01001100
) +ZZw- j (26 Dotz (8) = 2Dos0, (8)>
310111111 10001111 12,2 3 01111111 01001111
ﬁ Di17117070 (S)_’B‘Diuihoﬂ (S) i jo B D0707i2,j2 (s) - D0707i2,j2 (S)

Apart from the factor =X, for s = —1 it is E [mj,Qm41], or

3 v <2§D332?}i‘??2_1 (0) = 2D 3V o <0>) N <2§D8?£%%3°° (0) = 2Dg55™ <0>)

BEDRSI, 1 (0) — BDEPL L (0) A2 DYOSIZ1 (0) — BDYWYIAL (0)

Y Y e <2§D}32?}3,%° (0) = 2D <0)> Y <2§D2}£’,%3%‘11 (0) —2Dg %0 (o))
TG DI (0) - BDISIL (0)) T TGP DIIAL L (0) ~ BDRNIL L (0)

6.4 Computation of Biass

The key elements of Biassy are:

T1T2T3P1P2P3P4P5P6

P1 P2 P P P3 Pa Pz Py
(r,s) = E Ly tp1—r X1 t42—rT2 41— rL2t42—r L1 t+1-sT1 t42— 52t +1-sT2 t42—5
11,J1,12,72,%3,73 ’ -

T 72 w3 Ps 2 Ps POt
Xyt i1 %is t—jo—rLig t—ja—sT1,t41P1,112T2 1112 142
with s running from —2 to oo, and r = 0, £1.

For the one-period model, we need

Biass (s) = ZE [mym}Qmy;_4],
with s running from 0 to co. Apart from the factor Z, the s term is

E [mymyQmy_] E |2 (5 Q2—s) (21,6415 141 — 1)2 (Ba141-6m5 1414 1)}

Z T wnniinFilmnmin @+ EEw0nFlnnee ) | ]
T oS wisis Filleina (9) F W 0000 (9)

_ zzzzg jgs Wi jais s Foroiz,jaia ja () + % % Wiy,

S wiy o FOOL o (8) + wFOY

0,0,0,0,0,0 (8)
L 3 J3

11,71
. 1010
J2Fo,o,i2,j2,o,o (S)




where

1273

F7T17T2 7T3000000
11,J1,%2,72,13,J3

11,J1,%2,72,13,73 (o’ S)
1 w2m3000020
+ Flh]lﬂ’z»]zalsda (O’ S))

(0,5))

001020

ﬁ Fgfjifzrzﬁhﬂs’]s (O’ S)
Framaem 001010

75 ( 111]12,12%27137]3 ( )

+ﬂ (2F7r17r2773000010 ( )

11,715%2,72,23,73

(s)

w1 m2m3001000
+ Flu]lﬂz J2,13,73

For the two-period model, we need
Biaso (S) =Z=F [mt (mt +me—1 + mt+1)/ th—s] N

with s running from —2 to co. Apart from the factor Z, the s** term consists of three components, for

r =0, %1, of the type

E [mym}_, Qmy_]

111

12,13 J2,J3

i3 Js

_ / )
2 (21, Qzs) (B701041%1, 04225 1128 410 —
2 @ o
X (B 41— @1 4 2—r @S 1 TS 4oy —
2 « a
X (8221, 041-5T1, 042588 111525 140 s —

Z Z wi2’j2»i3’j3Fi17j1,i2,j27i37ja

+ Zzw137]3 ’Ll,jl,O 0,13,j3 (T S)

1)
1)
1)

i2 J2

+ (.L)FlOO

Z Z w12,]27137J3F31112,32,13,]3 (7”' S) + Zzwlz ]2Fo 10022,]2,0,0

(r;5)

2,13 j2,J3 12 J2
001 000
+ Z Zw137]3 0,0,0,0,%3,73 (7“ S) + wFo,o7o7o 0,0
L i3 J3
where
TIT2T _ 6 7r17727r3111111 1 w2m3000000
Fll 1J1,12,J2,13,J3 (T’ 8) - ﬁ Fll 1J1,12,J2,13,3 (T 8) Fllv]l»12a.127537./3 (7“ 8)

_ﬁ (F7l'17T27T3001111 ( )

11,715%2,72,23,73
+B ( 7r17r27r3110000 ( )

11,J1,12,72,%3,J3

Let us denote

+Fﬂ1ﬂ2ﬂ3110011 ( )

_|_ F7T17l'2ﬂ‘3001100

11,715%2,72,23,73

11,71,%2,72,13,]3 ( )

() (kl, ]{ZQ, kg) = Wleilq)kl + 7T26i2(13k2 + Wgeisq)kg

Vowr (pa klv k27 k3) =

(m+%> +(py + p3)” + p3 + P
Pyt pa) + %+%+%f+£
p+m+%)+@ +(ps +ps)°
P1 +106) +PQ+P3+(P4+P5)2
p+%)+@+m+m+%

P1 +P5) (02+P3+P6) + 03
pr+ s+ p5) + (pa+ pa+ pg)’
P1 +P4+P5 (PQ+P6)2+P§

)2+

)2

p1+ps)’ + (py %)+£+ﬁ
+ (p3
)

_l’_
+P5) "‘PG) +P§+P:21
+ ps3 +Ps + (p4 "'06)2 + pi
p+%) %+m§%)+%
p1+pa)’ + (oo + ps)? + 3 + P
P} + (py + ps)° + P3 + p3 + P
(1 +m+%>+£+@
2, o
(p+%g (Ps+p5)” + p3
(p1+p6)" + P53+ p3 + P2
(
(
(

(
(
(
(
(
(
exp | .5 (
(
(P2
(P2
(
(

p+m+%>+%+%f
pr+0s)° + (po + pe)” + 03
pﬁw@ +(py + p5)° + 3
+(py+p5)° + 02+ 0}

2
Oy~r =€xXp | .5

Pl

(p (1,a) + 7rlei1<I>k1 + Wgeiz©k2 + T3€i,

ifr=-1,s=-2
ifr=-1,s=-1
ifr=-1,s=0

ifr=-1,s=+1
if r = —1, other s

ifr=0,s=—
ifr=0,s=0
ifr=0,s=+1

ifr=0,]s/>1
ifr=+1,s=-1
ifr=+1,5s=0
ifr=+1,s=+1
ifr=41,s =42
if r = +1, other s

ifr=-1,s=0
ifr=-1,s=1
ifr=-1,s>1
ifr=0,s=1

ifr=0,s>1

ifr=+41,s=2
ifr=41,5s>2

(T S) + Z ZWZZJZ 21731,227127070 (T7 S)

11,J1,0,0,0,0 (T> 5)

+ F7'r17rz7r3111100

+ F7T17l'2ﬂ'3000011

11,71

(r,s)

(r, s))
(r, s))

21,71,22,72,13,73

21,71,22,72,13,73

<I>k3) Vir (p (1,a) + ﬂ'leil@kl + ﬂgeiszkQ + 7r36i3<13k3)/

(1,a) Vi (1,a)'

(1, a) Vy (1,04)'




P2+ ps)° + p3 + P2+ pd ifr=-1,s=-2
P2+ ps)? +ps+p4+p5 ifr=0s=-2

(
(
(2+p3+p6) +,04+p5 if?":O,S:—l
(
(
(

ol =exp | .5 (1,a) Vi (1,a)

pa+ps)° +P3+P4+F’6 ifr=+41,5s=-2
pa+ps)° (P3+PG) +P§ fr=+1,s=-1
po+ps+ps)’+ (patpe)’ ifr=+15=0

(o1 +p6) +p3+p2  ifr=-1

or=exp | 59 (p1+ps) +(po+ps)” ifr=0 3(1,0)Vu(1a)
2 .

pi+(pat+ps)" +pg  ifr=+41

PR+p2+(ps+pe)°  ifs=—1
(p3+ps)* + (py +pg)° if 5 =0

PR+ (ps+ps)’ +p3  ifs=+1
p3+ Pi+ p3 + 05 if |s| > 1

(L) Vi (1,0)

2 _
0, = exp

02,y = exp (-5 ((02 + 4+ ps)° + pZ) (La) Vi (La)')
Op_1 = exp (-5 ((,02 +p5)° + p?s) (1,0) Viy (La)')

o2 = exp (5 (p2 + p3) (1,0) Vi (1,0))

The term F, '[>7301A203PaPsPs (1. g) i a product of two components. The first component is
21,71,22,72,13,73

exp ((py + p2 + p3 + ps+ ps + pg) (1, @) Ex + (m1ei, + maei, + m3e4,) Ex)
es (0,51 —jo —1,j1 —jzs — s) (Xy — Ex) if j1 > max (jo +7,J3 + )
XE |exp{ eq (jo+7—741,0,ja+7 —j3s—3) (Xe — Ex) if jo +r > max (j1,J5 + 8)
ep (j3 +5—j1, 03 +5—Joa —7,0) (Xy — Ex) if js + s > max (j1,j2 +7)

Now we turn to the second component. In the case min (j1,72 + r,js +s) > max (r — 1,s — 1), it is

miei, Vo (jo+1r —jz—s—1) eyt

(ma€i, + m3es, ®2HTTIT) Vs () — o — 1 — 1) if j1 >ja+7r>js+s
X (7T2€i2 + 7T361'3(I)j27j375+7’)/

T3, Vs (js +s—jo—r—1)€) +

(m2es, ®I3T727" e, ) Vs (]1 —Jjz—s—1) ifj1>j3+s=>g2+r
X (7‘(‘261 PIsts—iz—r +773613)

e, Ve (j1 —jz—s—1)él .t

(7‘(’16“ + m3e;, ®I1 I S)VE( o+ 7 —j1—1) if jo+r>j1>j3+s

/

X (71'1621 + m3e;, @I I “’)

miei Vs (s +s —j1 — 1) e, +

(m1€s, @570 fmge;, ) Ve (o +7 —ja —s—1) fjot+r>js+s>n
X (W1€i1¢j3+8*j1 +7T361'3)/

W%GQVZ (]1 —Jo—1r— 1) e’ +

(m1€i, + moe;, B 27T VE( 3 +s—j1—1) ifjs+s>p=>j+r

/

X (7r1ezl + moe;, ®I1 72 ’”)

mien Ve (ja+r—j1 — 1) €

(7‘(’16 PJ2tr=i +W26L2)Vg(]3—|—8—]2—7‘—1) ifjs+s>gda+r>g
X (7T1€z Piatr—it 4 71'2612)

In the case j;1 > jo+r>js+s=r—1>s—1,itis

- ox SVer (p17—,—,0) +.57T§6i3<I)VE (]2 +r—7Js3 —8—2) @’623
> P 1 (maeiy + maei, @I 75) Vi (i — jp — 7 — 1) (maes, + maeq, ®I2F7 I )’
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In the case j1 > js+s>jo+r=s—1>r—1,itis
o2 exp .5VM (33, —,0,—) + .573e;, ®Vs (j3 + 85— jo — 7 - 2) <I>fe§2 /
=T +.5 (7T2€Z'2(I)J3+Si‘72ir + 7T36i3) Vs (]1 —J3— S — 1) (7T26i2(I)]3+87]27T + 7'('362'3)
Inthecase j1 > jo+r>r—1>j3+s>s—1,itis
~5Vo¢7r (plv — T _j3 —S5— ]-) + ~5Va7r (Pz» - T _j3 —S5—= 2)
o2 exp +.5m3€;, Vs (r — js — s — 3) €, + .5r3e;, " Vy (jo — 1) @773 Vel
+.5 (maeiy + €5, P2 Ve (1 — o — 17 — 1) (w264, + 7T3€i3‘1>j2+T_j3_s)/
In the case j1 > js+s>s—1>jo+r>r—1,itis
SVor (p3,— s —Jo—r—1,=)+ .5Vor (pg,— s —Jo—7r—2,—)
o2 exp +.5m3e5, Vs (s — jo — 1 — 3) €], + .Brje;, OS2 ’”Vg (s — 1) @527 "el
+.5 (e, ®ITST2T 4 m3e,,) VZ (j1— Js — s — 1) (mae;, ®I3+s—7277 4 7T3€13)l
In thecase jo+r>j1 > js+s=r—1>s—1,itis
SVor (p1, — —, 0) + .5rde;, ®Vs (1 — j3 — s — 2) Plel
olosexp | +.5 (mies, + (py (La) + maes,) D11 737%) Vay (jo + 1 — ]1 -1)
!/
x (7(1611 + (pl (1,0() + 7-‘-3613) P/ 7s- S)

In the case js+s>j1 > jo+r=s—1>r—1,itis
SVor (pg7 —, 0, —) + .57T§€i2(I>VE (]1 —Jo—1r— 2) @/622
05>T exp| +.5 (7T1€i1 + (ps (1, ) + mae4,) @31*32”) Ve(Us+s—75—1)
C I
x (7T16i1 + (,03 (15 O&) + 77261'2) (I)Jl_Jz_r)
Inthecase jo+r>j51>r—1>73+s>s—1,itis
o2 exp SVar (p1,— =7 —Js—s—1)+ 5Vor (g, —, — 7 —Js — 8 — 2)
y +.57m3e:, Vs (r — jz — s — 3) e, + Srde;, @75V (jr —r — 1) @”’js*s'e%
Inthecase js+s>j1 >s—1>jo+r>r—1,itis

0_2 exp -5Vo¢7r (va — S — j2 - Tr— ]-7 7) + ~5Va7r _(P4, S — j2 - r— 2> 7)
" +.5m5€:, Vs (s — jo — 17 — 3) €, + .5mse;, @527V (j1 — s — 1) P52 "e,

. . . r—1>s—-1 .
In the case min (jo +1,j3 +5) > j1 = , it is
s—1>r—1
02, exp (5Vor (p1,0,—,—)) ifji=r—1>s-1
Ug:r:l eXp (5VO¢TI' (pl + p3a07 B _)) if jl =r—-l=s-1
< €xp (:BVar (p3,0,—,—)) ifji=5s—-1>r—-1

Sr2e; ®Vs (j3 + 5 — j1 — 2) P'e; +.5 (7rleZ Pists—it 4 7T3€Z3)
xVs(jo+r—j3—s—1) (mel Pists—i 4 7T3€13)
Sr2e;, ®Vs (jo + 1 — j1 — 2) d'ej +.5 (7‘(’16 $iatr—in 4 71'2612)
xVs (js+s—jo—1—1) (mel Qratr—ir 4 71'2612)

if jo+1r>j3+s
X exp
if js+s>jo+r

In the case min (js + s,jo+7) >s—1>j; >r—1,it is

olexp (brie;, Vs (s —j1 —3)¢€])) ifjp>r—1
o2 i exp (:BVar (p1,0,—, =) + Brie, ®Vs (s — j1 —4) P'e} ) ifj1=r—1
x exp (:5Var (p3,8 —j1 — 1, — =) + 5Var (pg,8 — 1 — 2,—,—))

Srie;, B5 IV (s — 1) D 7Iel + .5 (7rle Pists—i +7T3613)
xVs (2 +r—Jjs—s— 1) (m1€4, ®ITs—0 +7T3€Z3)
Srien, @ Ve (j2 +7 — s — 1) @7Vl + .5 (mie, @I + maey, )
X Vs (33 +s—jo—1— 1) (7T1€i1¢’j2+r_j1 + 7T26i2)/

ifjo+r>7s+s
X exp

if js+s>go+r
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In thecase js+s>s—1>731 > jo+r>r—1,itis

SVar(pzss—g1—Ls—jo—1r—1,=)+ 5Vor (pg,5 —J1 — 2,8 —Jo—7—2,—)
+.5m5e5, Ve (j1 —jo — 7 — 1) €],
+.5 (m1ei, + T2, ®1 T2 T) Vi (s — ji — 3) (mieq, + 7T2€i2‘1)j1_j2_r)/
+.5 (mreq, @ 4 maeg, @027 Vs (s — 1) (mres, @577 o+ maes, @572 7T)

2
0, exp

/

In the case js+s>jo+r=s—1>7j5 >r—1,itis

oZexp (brie;, Vs (s —j1 —3)e})) ifjp>r—1
o%_, exp (.5Ver (p1,0,—, =) + .5rie;, ®Vs (s — j1 — 4) @’egl) ifjr=r—1

X oxp SVar (pars — 1 — 2,—, =) + .5 (p3 (1, @) + m1e, 727771 + mae;,)
XV (js + 5 — 2 — 7 — 1) (ps (1, a) + m1e;, D279 4 maey, )’

Inthecase js+s>s—1>jo+r>j5>r—1,it1is

oy exp (brte, Vs (jo +7 —j1 — 1) e} if jp >r—1
o2y exp (5 (py (1, @) + mies,) Va (j2) (py (L, ) + mrey)) ifji=r—1

SVor(ps,s—g1—1,s—ga—1—1,=)+ 5Var (pays —Jj1 — 2,8 — jo — 17— 2, —)
X exp +.5 (m1e, P20 4 mae, ) Vi (s — jo — 1 — 3) (wye;, ®I2F 71 4 7T26i2)/
+.5 (7T1€¢1(I)S_j1 + W26i2¢s_j2_T) Vs (j3 — 1) (Wleilés_jl + 7T2€Z‘2(I)S_j2_r)

In thecase js+s>s—1>j0+r>r—1>ji,itis

SVar (p1,r—J1—1,—, =) + 5Var (po, 7 — 51 — 2, —, —)
+.5Vor (ps,s—d1—1,s —jo—r—1,=)+ .5Var (pg, 8 —Jj1 — 2,8 —Jo — 1 — 2,—)
% exp +.5me, Vs (r —j1 — 3) €], + 5rie;, Vs (jo — 1) @7~ 9Vel,
+.5 (Wleil@szﬂ‘*J& + 7T261'2) VE (S — j2 —-r— 3) (7'('162'1 (I)j2+rij1 =+ ’/T2€7;2)/
+.5 (T1e4, @I + Toe;, @ 7I277) Vi (g — 1) (m1eq, D579 + maey, @s*jr’”)/

]
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