Contracts HA #1 solutions
Bolton and Dewatripont, Contract Theory, Exercises 1,3,5 for Chapter 2.
1. Government agency utility
Uc=B(q) - P
Firm of type c profit:
Ilc=P-cq.
a). ce{cr,cut, Plc=cr)=p

Agency problem:

EUg = A(B(qL) — Pr) + (1 = A(B(qn) — Py) — max

IC.: Pr—c1q1 =2 Pa— c1qm;
|CH: Py— CHQHZPL_CHQL;
IR.: PL—CLqLZO;
IRy: Py-— CHqHZ 0.

IRy, IC_ are binding =>

Py=cuqm,  Pr=(cu—cr)qu+ ciqr.
Optimal contract:

EUqg = J(B(q1) — (cn— c1)qu — crqr) + (1 = B)(B(qu) — cuqu) —> max
Second-best:
B'(qL*) = cu;
B = [u, (W, +T,)dF, = [u, (W, + x,(x,.T,,€))dF,
b). First-best:
B(g)) — cigi— max, i € {L, H} => B'(tiB) =c.
It is readily seen that:
qL* — CILFB, QH* < CIHFB-
€).c~Ule ¢].
Agency problem:

EUg = !(B(Q(C))_P(C))dF(c) 7 O

IC:  P(c)—cq(c) = m?X(P(Z")—cq(é)), Vcele ],
IR:  P(c)—cq(c) =20,V celg ]

The hazard rate for the uniform distribution is non-decreasing, so we can use Mirrlees
approach. Firm of type ¢ welfare

W(e) = mx(P(¢) - cq()).
IR(¢)isbinding => P(c)=cgq(c) => W(c)=0.



Firm welfare change:
aw _ow _

P = W(c)—W(E):j(—q(x))dx => W(c)=—jq(x)dx.

From I1C: P(c) — cq(c) = W(c) => P(c) = W(c) + cq(c) = cq(c) —jq(x)dx.

Substituting into EU; we get

c c

EUG = [Ba(e) - (ca(©) - [ aalar (©) = = [[Blae)~cq(e)}de+] (g—c)q(c)dc]=

4

1

c-c

j[B(CI(C)) —(2c-c)q(c)]dec — max

Maximizing the term under the integral w.r.t. g(c), we get:
B'(g(c)) = 2¢ - c.

3. Monopolist’s profit
I=P-s;
Consumer of type @’s utility:
U,= {HS—P, if buys

0, else
a). First-best:
Os — s> —> max => SFB(@ = g
b). 0 € {6, Ou}, P(O=6)=p

Firm's problem:
EI = AP~ s:°) + (L - A)( Py~ s5”) — max

IC.: Os.— P> Gsy— Py,
ICh:  Oysy— Py = Oys;— Py
IR.: Os.— P;>0:;
IRH: QHSH— Py > 0.

IR., ICy are binding =>
Pr= 651,  Puy=0Oy(sy—s1) + Os;.
Optimal contract:

EUG = ﬂ(GLSL — SLZ) + (1 - ﬂ)(gH(SH— SL) + Gs; — SH2) —> max

Second-best: sy* = %’; s = %(GL +%(GL —6’,,))

—_ FB FB
Sy =sy o, spF<sp .



Informational rent: R(6) = UL s5%) — UL s4 ) = UL s5%).

R(6,) =0, R(6y) = E(GH _QL)(EHL —%HH) (if both types are served)

c). 6~U]J0,1].
Monopoly problem:

= ! (P(0) - s(0)*)dF () —> oax
IC:  0s(0)-P(0) = mgx(es(é)—P(é)), v 0 <0, 1];
IR:  6s(6)-P(0) >0,V 6 [0, 1].

Consumer of type & ’s welfare

o) = mglx(é?s(é)—P(é)).
IR(0) isbinding => W(0)=0 => P(0)=0,s(0)=0.

Consumer’s welfare change:
aw _ow _

0" ag 0 = W(9>=Ts(x)dx+W(0):is(x)dx.

0
[

From IC: 8s(6)— P(6) = W(6) => P(6) = 0s(6)— W(6) = es(e)—js(x)dx.

0

Substituting into 77 we get

1= j(P(e)—sz(e))de = j(as(e)—Ts(x)dx—sz(e)]dez

= [((20-Ds(0)-s (0))d9—>max

O e

Maximizing the term under the integral w.r.t. s(6), we get:
=211

Substituting in the equation for P

P(O) = HS(H)—js(x)dx = 9—22=%(S +%J .

2
So, the optimal contract schedule is P(6) = %(S+%) .




5.a. Entrepreneur's expected utility:

j u,(W,+x(6,+&)+T)dF., if accepts offering
Eu; = - . s ZE{L,H}
J. u,(Wy+6 +¢)dF,, if rejects

—00

b. First-best:

Denote Pi(x, T, &) = Wy + x(6: + ¢) + T, then we can find FB solving the problem:

U, —> max
{7}

0< Xi < 1,
Ri:  [u,(P(x, T, &))dF, > [u, (W, +6,+&)dF, i « {L. H}.
Lagrange function for this problem is

L=EUi+ AR+ yx=(1-x)0.—T; + ﬂ.j[uE(Pl.(xi,Y;,g))—uE(W; +0. +¢)] + m,

(we omit the term corresponding to the constraint x < 1 which is not binding in optimum).

%—W:—Hi+ﬂjug(3(x,T,g))(<2+g)dF;+7/=0 1)
X —00
GW +00 ’
— =1+ L ul.(P(x,T,&))dF, =0 (2)

From (1) => 6, (/1 [ul(P(x.T,&)dF, —1] + A [ u,(P(x.T,&))edF, +y =0, and from (2)

A [ up(B(x, T, £))dF, =1 => A [ uy(P(x,T,£))zdF, =—y

Since E¢ =0 and uz' is decreasing then j u,(P(x,T,&))edF, <0 =>y >0 =>the constraintx =0
is binding => the bank fully insures the entrepreneur; the payment 7' is determined from the
entrepreneur's IR constraint:

up Wy +T) = [ u, (W, +6,+&)dF,

—00

Notice that the capital structure is 100% outside equity and no debt since there is no moral
hazard problem and the issue is allocation of risk between risk-neutral investor and risk-averse
entrepreneur.

c. Screening problem:

EU[Zﬂ((l—XL)HL—TL)+(1—ﬁ)((1—xH)9H—TH)—) max

{x, 'xH'TL!TH}1
0< XL, XH < 1,

ICL: [up (P, (x,.7,,8))dF, = [u, (P, (x,,T,,))dF,
ICu: [uy(Py(xy Ty 0))dF, 2 [uy (P (x,,T,, £))dF,



Re: [ (P (x, T, 6))dF, = [u, (W, +6, +)dF,
Ryt [u, (P, (x,, Ty, ))dF, = [u, (W, +0, +&)dF,

Notice that the outside option (the right hand side) in IR; depends on type 6.

d. First note that for each type of entrepreneur one of the constraints IC and IR will be binding
in optimum. Indeed, if we maximize EU; with respect to one contract terms left hand sides of
both constraints of the corresponding entrepreneur's type decline, while right hand sides remain
the same. So maximum is achieved when one of the constraints become binding. The problem
differs from the standard one in the Chapter two (outside options depend on type) hence we need
to go through all possible cases.

If both IR and IRy are binding the maximization of EU; implies that x;, = x5z = 0 (see the
discussion of first best above). However, in this case, 7> T, and IC__ is violated. This allows us
to make an educated guess that probably in equilibrium the binding constraints are IC,_ and IRy;
but just to make sure let’s check the other cases.

If IR_ and ICy are binding then in optimum x; = 0 (it can be inferred from FOC's). The utility of
H-type entrepreneur is

Ju, (7, +T,)dF,
The L-type entrepreneur can get the same utility if he pretend to be H-type, since it doesn't
depend on the type. This value is more than JuE (W, + 0, +¢&)dF, that he can get if reports the
true type => IC_ is not satisfied in this case.

e, . Guess that L-type entrepreneur will get first-best allocation =>x; = 0, 7, = 7;"®. Then
Lagrange function is:

L=EU+ 2Ry + uICL = (1 -x1)0, — T1) + (L =A)((1 = x11) 61— Tiy) + yxp +
+ ﬂ“J‘[uE(PH(leTH’E))_uE(VVo+9H +&)] + ﬂ_[[uE(PL(xL’TL’g))_uE(PL(xH’TH’g))]dF;1

FOC:

L po,+ s j (B (5, T, )0, + £)dE, + y=0

GxL

- —ﬂwjuE(P(xu ), =0

L1, j (B 5y Ty 200, + £)F — [ (8, (5, T, )0, +)F, =0 (3)
t-pye juE(P o ,s»d&—uiu;(wmms»da:0 @

The constraint x; > 0 is not binding since either IC_ or ICy is violated in this case (if Ty # T1). Ty =
T; means that the bank offers the same contract regardless the type of the entrepreneur, that is not
optimal. Hence the H-type entrepreneur is not fully insured. Her contract (xy, ) can be found from
IRy, ICL and (3), (4)

g. The difference from the standard screening models comes from the fact that each type's outside
option depends on its type, moreover the slope of the relationship between outside option and



type is so steep that in equilibrium it is the low type whose IC is binding hence it is the high type
whose allocation is distorted (he gets imperfect insurance).

h. In a competitive equilibrium

EU[Z ﬂ((l —)CL)HL - TL) + (1 —ﬁ)((l —XH)GH— TH) =0.
The difference is that in the first best the IR do not have to bind, and the first best can be
implemented. Indeed, consider full insurance for both types x; = x;z = 0 and the 7} and Ty solving
the IC constraints. As P.=W,+T;, both ICs can be satisfied if and only if 7;,=Tx=T. Substituting x;

= 0 and 7;=T into the condition EU; = 0, we find T=£6, + (1 —/)&y. Then substituting back into
IR; we find that both agents earn positive rents.



Problem 6.

We assume (as in 3.1) that firm has all bargaining power => investor’s profit is 0.

a). Let R be the only choice variable.
Then investor’s expected profit is

U =48R+ (1 - PGRu—1.
Firm’s of type i expected profit is
Wi = &(C —Ry).
One can see that firms’ profits are linear in R. Then the signaling with R fails since in the case

when Ry # Ry it is profitable for either H-type firm or L-type firm to pretend to be the type
with lower R.

So, the pooling equilibrium will be here, when firms pay Ry =R = %, where
6 = po, +(1-p)é,.

b). Now firms choose a pair (R, K), where K is the size of collateral.
The investor’s expected profit is

U =AAaRL+ (1 -4)xKL) + (1 = f)(Ru + (1 —B4)xKp) — 1.

Type i firm’s expected profit is
Wi = &(C —Ri) — (1 -G)Ki.

In the (K, R) space, type i’s indifference curves have a slope (1 —8) / @, i.e. higher type’s
indifference curves are flatter.

1). Pooling equilibrium.
Both types choose the same (R, K) and the investor faces IR constraint:

AAR + (1 -4)xK) + (1 - A(GR + (1 —44)xK) - 1 = 0.

Since 6, < 0 < 6, and _76 is decreasing function then 2 cases are possible:

i). =0, <1_~6’x<1_9L
6, 0 6,

ii). -6, =% 16
0 6, 6,

These cases are depicted below.



profitable deviation pooling
for type L equilibrium

profitable deviation
for type H

UH

K K
1). ii).
In the first case there is no pooling equilibrium since it is profitable for either type of the agent to
deviate and offer better contract.

The only case when pooling equilibrium is possible is the second one. In this case if R = % and
K = 0 there is no profitable deviation for the agents.
Separating equilibrium: in this case contract for each type lies on the corresponding IR
constraint:
AR+ (1 -6)xK—1=0 for type L (IRy)
AR + (1 —64)xK — 1 =0 for type H (IRn)
The contract which delivers maximum utility for type L agent and still satisfies investor’s
individual rationality constraint is R = il , K= 0. In this case type H agent can offer contract

L
(Kn, Ry) which strictly increases her utility and satisfies investor’s IR constraint.

contract for type L

contract for type H

NS T —— IR
\\\\ Rs
|R|_ N \\




The contract (Ky, Ry) can be found as a solution of the system

A.(C —Ru) — (1 @)Ky = A(C — ei),

Ry + (1 —G)xKy - 1=0.
PLEASE SOLVE

Problem 11.
Agent’s utility:

Ua= (1= p(@)uW, +R(0)) + p(a)TU(Wo —X+R(X)g(x)ix—y(a) > max

Insurer’s profit:

U= -(1-p(@)R(0)- p(a)J' R()g(x)dx

First-best: maximize agent’s utility under insurer’s individual rationality constraint

Us — max
{a,R(X)}

s.t. Uy = 0.

Lagrange function:

L= (1-p@)uW, +R(0) + p(a)J.U(Wo —X+R(X)g(x)dx -y (a) -

—Al(1=p(@)R(0) + P(a)f R(x)g(x)dx] - max

o =P @uW, +RO) + p'@[uW, - X+ RO (@) -
~ AP @R(0)+ P'(a)| ROOg(x)dX] =0, (1)
oL . a0 _
ARG =1 P W, +RO) - A1~ p(@) =0, @)
== p(@uW, X+ R()G(X) - P@ROOG =0. 3)
)

From (2) u’(W, + R(0)) = 4, from (3) u’(Wy — X + R(X)) = 4, then V¥ x> 0 u’(Wy — X + R(X)) =
u’(Wo + R(0)) => Wy — x + R(X) = W + R(0) => R(X) = x + R(0) (Full insurance).
Substituting R(X) into IR constraint we get

(1= p(@)R(0) + p(a)I(X+ R(0)g(x)dx = (1= p(a))R(0) + p(a)R(0) + p(a)j Xg(x)dx =

=R(0) + p(@E =0,
where E = E(Xx | x> 0).

Substituting R(X) into (1) we get
y'(a)+Ap'(@)E =y'(@)+u'W, + R(0))p'(a)E = 0.



Then u'(W, + R(0))E = -/ &)

p'(a)
So, in the first-best outcome the agent will be fully insured, the insurance schedule will be linear
and the agent’s payment R(0) and the optimal efforts level a* will be determined from the
equations

R(0) + p@)E=0, u'(W, +R(O)E = - @)
p'(a*)

Second-best: the agent maximizes her utility under certain insurance schedule R(X):

Ua = (1-p(@)uW, + R(0)) + p(a)IUONo =X+ R(X))g(x)dx ~y(a) — max

ou,
oa

=—p'(@uW, +R(0)) + p'(a)ju(\NO =X+ R(X)g(x)dx —y'(a) =0
Then

Tu(wo — X+ ROO)I(X)dX — u(W, + R(0)) :%Z; ifa>0

'[U(VVO - X+ R(x))g(x)dx —u(W, + R(0)) ZWT(OO; ifa =0 (since p’(a) <0)
p'
0
Let’s consider the full insurance contract: R(X) = x + R(0). Then

Tu(\NO - X+ R(x))g(x)dx —uW, + R(0)) =0 > % since ¥’(a) >0, p’(a) <O0.

Hence under the full insurance the agent will not undertake any effort.

The agent’s payment R(0) can be determined from the insurer’s individual rationality constraint:
R(0) =-p’(0)E.

Using nonlinear insurance schedules is not optimal for the insurer since in this case he can
increase his profit offering full insurance for the agent.

So in the second-best outcome the agent again will be fully insured, but her efforts level will be
a=0. PROBABLY SECOND BEST IS IN BETWEEN - SOME BUT NOT PERFECT
INSURANCE AND SOME POSITIVE EFFORT

Problem 15.
a). Expected entrepreneur utility if implementing C;:

U; =5(1 —a) + 45a— 40a” — 6 — maxaca, where A= {0, %, 2} =>a,* =%, U *=09.
Expected entrepreneur utility if implementing C,

U, = 48a—40a° — 6 — maxaca, A= {0, 14, 12} => a,* =1, Uy* =8.

So entrepreneur will choose project C; and effort a* = 4.

b). Debt financing. Under debt financing entrepreneur maximizes:
If implements C,;

Ui =(5-ro(8))(1 —a)+(45—r(a))a—40a> - maxaa,



where @ is the efforts which she declares and a is the efforts which she implements.
The constraints for this problem are:
- creditor’s individual rationality constraints

rn@-a+rn@axl,vaeA, (IR)
- bilateral limited liability constraints
0<ry(a)<s50<r(a)<45,vaeA (LL)

Assuming, that for bad outcome limited liability constraint is binding we get:
a=0=>1R s violated (no investment occurs in this case);
a=%=>ry=5,r =2,
a=%=>ry=5r="7.

Then the entrepreneur’s expected utility is

ala 0 s Va
0 — - - IR violated
" 0 s 7
Y 0 "/ 9

It reaches its maximum ifa= a8 = Y.
If entrepreneur implements C, she maximizes
Uy= —ro(a)(1-a)+ (48 —r(q))a—40a’ - maxaa,

under the same creditor’s individual rationality constraints

rn@-a+r@axl,vaeA, (IR)
and bilateral limited liability constraints having the form
r(@=0,0<ry(a)<48,vaceA. (LL)

From the IR constraint one can get:
a=0=>1R s violated (no investment occurs in this case);
a=%=ry=0,r=18;
5=1/2=>r020, r=12.

Then the entrepreneur’s expected utility is

a\a 0 Yy Vs
0 — — — IR violated
Yy 0 %, 5
Y 0 88, 8

It again reaches its maximum ifa= a = .
So, the first-best can be achieved in this case.

c). Equity financing. Under equity financing entrepreneur maximizes:
If implements C,;

Ui =(1-5s(2))(5(1 —a) + 45a) — 40a”> —> maxa a,



where & is the efforts which she declares and a is the efforts which she implements.

The constraints for this problem are:
- investor’s individual rationality constraints
s@s(l-a)y+45a)=>1,Vaeh,
- bilateral limited liability constraints
0<s(@<l1,VaeA

Then we get:
a=0=>LLis violated (no investment occurs in this case);
a=Y%=>s= 18/55;
521/2:>S:6/25.

Then the entrepreneur’s expected utility is

a\a 0 s Vs
1/3 0 71/9 75/11
Vs 0 27 s 9

(IR)

(LL)

LL violated

It is profitable for the entrepreneur to implement a = % regardless of her claim & . In the case
a =Y the investor will have negative expected profit, so the investment will not occur. So,
the investment occurs only in the case @ = Y and the entrepreneur gets U; = "'/,

If entrepreneur implements C, she maximizes

U, = 48a(1 —s(7)) —40a’ - maxa a,

under investor’s individual rationality constraints
48as(@a)>1,vaeA,

and bilateral limited liability constraints
0<s(@<l1,vVaeA

Then:
a=0=>1R s violated (no investment occurs in this case);
a=1Y=>s="%;
a=%h=>s="

Then the entrepreneur’s expected utility is

a\a 0 Vs Vs
Vs 0 s 5
Vs 0 68/ 8

This function reaches its maximum when a= a = %., U,* = 8.

(IR)

(LL)

IR violated

So, the entrepreneur will choose C; in this case => FB cannot be implemented under equity

financing.



Contracts HA #3 solutions

41.
a). First-best

v(X) — X = max => first-best investment x*: v'(x*) = 1

Ex-post spot contracting: parties wait for t = 1 and negotiate the surplus sharing.
Upstream-supplier utility:

Yov(X) =X = max =>V'(x) = 2
Since V' is decreasing => x < x*.

b). V(x) = f(v(x)), ' >0, f* <0.
First-best

V(x) —x = max => V'(x%) = F vV () = 1

if £'(v(x°)) < 1 then v'(x°) > 1 => x° < x*.

c). Consider two property rights allocations:
A: either upstream or downstream producer owns the computer;
B: a third-party owner owns the computer.

A. Upstream-supplier maximizes
15 V(x) — x = max => V'(x*) = F(v(x*))v'(x*) = 2
B. Upstream-supplier maximizes
Y5 v(X) — X = max => v'(x%) = 2

Since f* <0, v < 0 => (fv')' = f*v' + f'v" < 0 => (f'v") — decreasing => x* < x° always => in the
case A upstream-supplier always underinvests.

IFf>1=>v(x) = T <2=Vv'(x®) =>x*>x® i.e. in the case A upstream-supplier
v(x
underinvests less.

Ifh<f<1=>v(x)= W< 2 =v'(x?) => x° > xB => in the case B upstream-supplier
V(X
underinvests.

V(X = =Vv'(x°) =>x" < x°, then x* > x~ > x" => allocation ominates
"(xA > 2 =v'(xB) => x* < xB, then x° > xB > x* => allocation B d tes A

_2
f(v(x"))

d). If F <% => v'(x%) = ﬁ> 2 = v'(x®) => x® < x® => in the case B upstream-supplier
v(x
makes excessive investment.
But in the case A she underinvests (see c), then x® > x° > x” and we cannot say any definite about

the social welfare in these cases.

e). Let's calculate Shapley value for property rights allocations A and B:



. v(K)
A B
1 0 0
2 0 0
3 0 0
1,2 V(x) V(<)
1,3 0 0
2,3 0 0
1,2,3 V(x) Ve
1 Vv X2 + 1 V X2
SCZFJSV (#V(x"), %aV(x"), 0) (1//66v<(x2))+ 1,’;‘\,&2)),’
YV (3) - Yav(x?)

where x! = arg max(¥2V(x) — x), x* = arg max(sv(x) + Y/5V(x) - )
Hence x! = x*, and x? is the solution of
Yev' (%) + M5 F VOOV (XP) = 1 => v'(x°)(L + 2f'(v(x))) = 6.

Now one have to compare:

0. Oy = 1

X7 V'(X) F0)
1 apoly — 2

X V(X)) = TN )
X%V (¢P) = 6

T 142 '(v(xD))

Let's draw them in the plane (f', v'):

Vl

6/(1 + 2f)




Then if f > 1 =>x° > x* > x® => A dominates B.
If 4<f<1=>x">xB>x" =>B dominates A.
If £ < % =>x® > x% > x* => we cannot say anything certain about the dominance.

42.

a). First-best:
W = R(X1) — C(X2) — X1 — X2 —> max
Then from the first-order conditions
R'(x) =1, C'(xp)=-1
First-best solution does not depend on the assets allocation.

b). Outside options of the parties d = (r(xy, A1) — Pm, Pm — (X2, A2)), surplus which they divide is
S =R(X1) — C(x2) — r(x1, A1) + (X2, Az).

Ex-ante agents utilities

Ur(Xg, X2) =% S + dy — X3 = %2 [R(X1) — C(X2) — r(X1, A1) + c(X2, A2)] + r(Xa, A1) — Pm— X1,

Ua(X1, X2) =% S+ da — Xo = %2 [R(X1) — C(X2) — r(X1, A1) + (X2, A2)] + P — (X2, A2) — Xa.

The solution of their problems is
R'(X]_) + r'(X]_, Al) = 2,
- C'(Xz) - C'(Xz, Az) =2.

Since
R'(X1) > r'(xs, {as, az}) > r'(xq, {ai}) > r'(xq, 9),
—C'(x2) > —C'(x2, {a1, a2}) 2 —¢'(x2, {ai}) =2 —C'(x2, 9),

the investment levels under different property rights allocations will be the following:
x1(D) < xa({ai}) < xa{as, a}) <",
X2(D) < xo({ai}) < xo({ag, as}) < xo™°.

Nonintegration is optimal if

W(xi({a1}), x2({a2})) = max{ W(x1(9), x2({au, a2})), Wxa({a1, az}), x2(9))}

Without knowing the form of the functions R, C, r and c it is difficult to identify the conditions
required. I can point out only special cases, e.qg. if r'(xy, {ai, a2}) = r'(xy, {ai}) > r'(x1, 9) and

c'(x2, {a1, a2}) = c'(x2, {ai}) < c'(x2, &) then both x; under nonintegration are not less than under
either agent integration => nonintegration is surely optimal.

c). Manager 1 integration is optimal, e.g. if r'(x;, {ai, a:}) > r'(xs, {ai}) and c'(xz, {a1, a2}) = c'(x2,

{ai}) = c'(x2, D).

d). Ex-ante agents utilities
U1(X1, Xz) = R(Xl) - C(Xz) - P+ C(Xz, Az) — X1,



Uz(X]_, Xz) = Pm - C(Xg, Ag) — Xo.

The solution is
R'(Xl) =1=> X1(A1) = XlFB,
—C'(X2, A2) = 1 => x(D) < xo({ai}) < xo({a, a}) < x2°.

So, the optimal property rights allocation is manager 2 integration.

43. a). Utility functions

Usm(R(6), L(8), P(8) = Y, P(O)[C,(6) + (1~ I_(R(@)))C 0) - P(R(H))]am(%
Un(R(8), L(8), P() = 2, PO)IP(R(O)+ L(RO)] -1 —> max

where p(6) — probability of the state, R(#) — state, declared by firm.

Contracting problem: maximize Usiry, under constraints:

P(6) <Cy(6), 0<L( <1;

ic: 0+, (0)-p0) 2,0+ - *P)c,0)- P8, v0,
IR: Uinv(6, L(6), P(@) > 0.

b). First-best solution: since both parties are risk-neutral we can find it solving

Ui + Ui = 3 POIC(0)+C,(0)- (257 2O yEN-1 > max =19 =0

0O )}

Since Z p(O)[C,(0) +C,(0)]= BC" > 1 investment is always made.

0O

c). It follows from IC that:

LH L

LHH
)CH PHH CH +(1——)CH PHL,

Cl+(@1-

LHL LHH

+(1——)CL Pit>CM +(1-

)cL P
Subtracting the latter from the former one can get

%(LHL _LM)(CH —CL) 20 =5 LM s L
The second inequality can be re-written in the form:

PHH _ PHL Z%U_HL _ LHH )CZL . PHH > PHL.



From the constraint P(6) < Cy(6) =>P*" =P =0.

Then incentive compatibility constraints for the case when C; = 0 give
LLH LLL

(1——)CH (1——)CH

LL LH
(1—L—)CL (1—L—)CL

These equations are satlsfled only if L*" = L,
So, the second-best optimal contract looks like

PHH > PHL> 0 PLH — PLL =0 LHL > LHH LLL — LLH
d). Contracting problem:

HH

L
Ick

Usim = (1—ﬁ>[(1—§)(yc; +(1-7)CI)]+ AICH + (-

HL

+(1—7/)(1—LT)C2" —7PHH —(1—y/)PH"] —> max

1
IC: K(L —L"™)CY' > P™ (firm will not declare state (L,*) in the state (H,H));

1
K(L —L"™)C, = P™ (firm will not declare (L,*) in the state (H,L));

1
pHH _pHt > K(LHL —L"™)C; (firm will not declare (H,H) in the state (H,L));

1

pHH _pHt SK(LHL L"™)CS" (firm will not declare (H,L) in the state (H,H));

IR: By(P™ +L™)+ p(L-»)P™ + ™)+ 1-B)L=1;
piH<cH pPit<cH o<, LM "t <1

Usirm is decreasing in all of its arguments, so we should take minimal values. Intuitively in the
good states it is unprofitable to liquidate the assets, so let's take L™ = 0.
Since C," > A then the coefficient at L™ is greater in absolute value than the one at P™ => first
we should minimize L™ This implies that
1 1

HH HL HL~H HH HL HL AL
P P = LICY <> P PR > LG
But then we can decrease both P and L™ while IR is satisfied => let's check P™" = "= p
and L' = L"" = 0. In this case the first and the second IC reduce to

LC; > AP and LC, = AP,
The latter equation together with IR gives
AN 16
BCr—A)+A’ BCr-A)+A
We should check whether this solution satisfies P < C;™, L < 1
If yes, then this is optimal contract. Since in a good state the assets are not liquidated => we can
achieve first-best.

In the other case we should make the corresponding constraint binding and solve for L™". In this
case the assets will be liquidated in the good state => the solution ex-post inefficient.



c). In a good state the firm maximizes:

L .
Ufirm = (1_T)C2H - P

Investor's IR constraint now is
P+ L™ >1.
Since the firm has full bargaining power then the renegotiation on this stage implies that

P =1<c L™ =0,
Then ex-ante investor individual rationality constraint now is
A+L-pL=>1=>L>I.

Optimal renegotiation-proof contractis P* =1, L"" =0, P~ =0, L~ = 1.
So, the investment will take place only if the size of the assetsatt =1 A> 1.



New Economic School
Contract Theory Final Exam 2005 Solutions

. Consider an economy with a continuum of agents who produce output q by supplying input a
(for effort) with the individual production function g = éa, where @is an idiosyncratic
productivity parameter. The productivity density in the population is given by f( &) with

support [6, 8 ], where f(6) > &> 0. All agents have the same utility function u(c) — a with u'
> (0 and u" <0, where c is consumption.

. What is the distribution of output and consumption in the economy when each agent lives
and works in autarchy?

. Suppose that all agents in this economy can write an insurance contract on a competitive
insurance market before they know their productivity type. All agents are identical ex ante,
and their future productivity is i.i.d. with f(6). What is the optimal insurance contract when &
and a are observable ex post? What is the optimal insurance contract when only &is
observable? What is the optimal contract when neither &nor a is observable ex post and
f(6)/(1 — F(0) is monotonically increasing?

Interpret the last solution. Show that the marginal premium is given by
P'(0) = (Au'(c(6) — 1)c'(0) and P'(€) = P'(€ ) = 0. Discuss the solution.

. W=u(c)-a—>max;st.c=q=6a=>u'(q) = % ax = %(u')'l(%), c*(0) = Ga= (U')'l(%)-

. If both #and a are known to the insurance company then the contract has the form P(a, 6).
Insurance company's problem is

])'P(a(e), 0)f(6)dd — min;

s.t. a(d) = arg maxa>o (u(ba + P(a,d)) — a), I1Cq
j'[u(ea+ P(a(9),0))—-a(@)]f (6)do > j'W @) fB)de=R, IR

where W(6) is agent's of type @ maximum welfare in autarchy.

The solution of the agent's problem is a(é) = max{%[(u ')l(m) -P(a(¥),0)],0}

(it is only for the case when P'(a(6), 6) exists).

Substituting it into the insurance company criterion and solving this problem (I don't know
how) one can find the optimal contract.

If only @is known then insurance company's problem is

Tp(e) £ (0)d6 — min
s.t. a(6) = arg maxaso (u(6a + P(8)) — a),
T[u(0a+ P(O)-a(0)]f (0)dO=R,
Agent's incentive compatibility gives a= max{%[(u ')1(%) _P@)L0} ¢ = c*(@) => his

consumption does not depend on P, but only on effort choice. Then if &is small enough the
1



agent will not work at all, so the agent's expected utility is

T (A T IO | _
![u(P(e))]f(e)dm !‘%[u((u) ()= () () =P@ONIf (6)d6 =

0 0 P(0)
= j[u(P(e))]f(9)d¢9+j[vvw)+7]f(e)de.
0 d
Lagrange function for the insurance company problem

L=

I —y

&b 7
PO (0)d0 + [j[u(P(e))]f(e)de+j[vv<9)+?]f(e)de- R] =
0 oo

&b 7
= [[au(P©) +P(O)]f (9)d9+j(§+1)P(¢9) f(0)do+F,
0 b

where F does not depend on P(6).
We can maximize the terms separately:

- the first one gives P(0) = (u")"(-1), O ¢ [Q, @ﬂ ;

P 0<0* _
- the second one is linear in P(@) => P(&) = 4 ™' .0 (9{09 ,
(&) => P(6) {P oo g 0<[0%]

u)tr), 6<¢
P 0>8

min?

Since in the interval 6 e [@’05] a>0= g*<d = P9 = {
Then the individual rationality constraint gives

do 0
) ()] F(0)do+Py, [ f(O)do=0.
i oo

In the latter case the insurance company problem is

TP(&) f(0)d0 —» min;
s.t. (a, 6) = arg max ., (U(0&+ P(&)) - &),

[u(@a+P(9))-a(d)]f (9)do>R.

|D ey B

Let's denote c(#) = 0&+ P(&). Then &= %(C(@?— P(#9 . So the agent of type & maximizes

() = 5 (B~ PO > max, gy

Maximizing with respect to & one can get
P(&)=(1-0u(c(dY) c(8d).

Maximizing with respect to c(@"), one can get



N = (-l L
(=)
Then the agent will tell the truth if
P'(6) = (1 - gu'(c(a)) c'(0), (*)

¢(0) = (u')*(%).

By substitution of c(&) into the equation for P'(#) it can be reduced to P'(6) = 0.

So the optimal contract here is a piecewise-constant function. Since in the previous case we
also have found the piecewise-constant optimal contract in the problem with less constraints
= this contract remains optimal here.

Already proven, see (*).

. A firm has a project requiring an investment of 20 at t = 0 for a sure return of 30 at t = 1.
There is no discounting. The investment cost has to be raised from the financial market.
Assume that a new equity issue is proposed. Potential new investors are uncertain about the
value of the firm's assets in the place: A € {50, 100} with Prob(A = 100) = 0.1.

. Suppose that investors believe that both types of firms invest. What fraction of the firm's
equity has to be issued to new investors? What are the payoffs to existing shareholders if
they undertake the project? Are these beliefs reasonable?

. Suppose that investors believe that only bad firms issue new equity. Same questions.

Suppose now that shareholders commit at t = 0 to a wasteful advertising campaignatt=1
after the project return is realized. The advertising expenditure is an irreversible action on the
part of the firm that results in a drop in profits of K. The size of the expenditure is a choice
variable. Can a good firm signal its type via such expenditures ? Discuss.

Expected value of the firm's assets

EA =0.9*%50 + 0.1*100 = 55

Expected value of the firm after investment EA' = 75.
So the investors want R = I/EA" = ¥/;s.

Firm's share after implementing the project:

Sso = 80*(1 — R) = 582%/3 > 50 = firm invests

S100 = 130%(1 — R) = 95%5 < 100 = firm doesn't invest.
Investors' beliefs are not reasonable.

. Investors' share R = I/A'sg = %/

Firm's share after implementing the project:

Sso = 80*(1 — R) = 57*/; > 50 = firm invests

S100 = 130*(1 — R) = 92%; < 100 = firm doesn't invest.

Investors' beliefs are reasonable.

If investor distinguish firms' types he will require rso = %/7 and rigo = e

If the firm pays the cost of advertising out of its own pocket (e.g. before selling shares):

Firm's profit after the advertising:
Sp=(1L-rg(6+30) - Ky

Then the good firm can signal its type with K if:
1Csp: Sgo = 80* 5/7 — Ksg > 80* 5/6 — Kioo

IRs0: Sso = 80* °/7 — Ksp > 50

1C100: S100 = 130*5/6 — Kigg = 130* 5/7 — Ksp,



IR100: S100 = 130*5/6 — K1 = 100.
If we assume Kso = 0 = from 1Cso Kigo = 2%/, = even under minimum Koo = 2/21 1R100
does not hold = good firms will not signal their type.

If the firm shares the advertising cost with outside shareholders:

Firm's profit after the advertising:

So=(L—-rg(0+30—-Ky).

The good firm can signal its type with K if:

1Csp: Sgp = (80 — Kso)* 5/7 > (80 — KlOO)* 5/6

IRs0: Sso0 = (80 — Kso)* °/7 > 50

IC100: S100 = (130 — Kio0)**/6 > (130 — Kso)* /5,

1R 100: S]_oo = (130 - KlOO)*5/6 >100.

Assume again Kso = 0 = from 1Cso K10 > %7 = again for every Kig = %/7 IRy does not
hold = in this case good firms will not signal their type too.

. Consider a principal-agent problem with three exogenous states of nature, &, & and 6; two
effort levels, a, and ay; and two output levels, distributed as follows as function of the state
of nature and effort level:

State 6 & &
Probability 0.25 0.5 0.25
Output underay | 18 18 1
Outputundera, | 18 1 1

The agent implements effort before he learns about the state of nature. The principal is risk-

neutral, while the agent has utility function Jw when receiving monetary compensation w,
minus the cost of effort, which is normalized to 0 for a, and to 0.1 for ay. The agent's
reservation expected utility is 0.1.

Derive the first-best contract.
. Derive the second-best contract when only output levels are observable.

Assume that principal can buy for a price p an information system that allows the parties to
verify whether state of nature & happened or not. What maximum price will he pay for this
system ? Discuss.

FB-contract: a is observable
ap: Up = 0.75%18 + 0.25*1 — wy —> max, s.t. yw, —0.1>0.1 = wy = 0.04 = Up = 13.71.
a.: Up =0.25*18 + 0.75*1 — w. — max, s.t. \Jw, >0.1 = w_ =0.01 = Up =5.24.

So it is optimal to implement ay and to pay wy = 0.04.

. Second-best contract:

Up = 0.75*%(18 — wsg) + 0.25*%(1 — w;) — max,

st. IC: 0.75/w, +0.25./w, —0.1> 0.25,/w, +0.75,/w;

IR: 0.75,/w, +0.25,/w, —0.1>0.1



Then wig = 0.0625, w;, = 0.0025, Up = 13.7025.

If principal gets such a system, he can verify whether the agent implements ay in the state é.
So he can offer the contract (wig, W, Ws), where wig — payment when q = 18, w, — payment
when g = 1 and the state is not & and ws is the payment when the state is . His utility is

Up = 0.75*%(18 — wyg) + 0.25*(1 — ws) — p, if the agent implements ay and

Up = 0.25%(18 — wyg) + 0.5*(1 — wy) + 0.25*%(1 — ws) — p, if the agent implements a, .
Here p is the price of the system.

If he wants the agent to implement ay he should choose (wig, W2, W3), such that

Up = 0.75*%(18 — wyg) + 0.25*(1 — w3) — p — max,

st 1C: 0.75/w,, +0.25./w, —0.1>0.25,/w,, +0.5,/w, +0.25,/w;,
IR: 0.75,/w,, +0.25,/w, —0.1>0.1

Assume w; = 0 = wsg = w3 = 0.04 = principal can implement FB in this case. His utility
Up=UpP—p=1371-p
He will buy the system if 13.71 —p > 13.7025 = p < 0.0075.

. A buyer B and a seller S write a contract to trade g units of good. B’s utility of consuming g
units is 26*wq while the S’s cost of producing q units is g%/(4c*). Here o is S’s specific
investment, and w is the state of nature uniformly distributed on [0,1]. The timing is as
follows: at t=0 B and S sign a contract, at t=1 S invests, at t=2 parties renegotiate and trade.

Derive the first best level of trade and investment.

. Assuming that the S has no bargaining power, find the equilibrium level of trade and
investment if parties sign no contract at t=0.

Suppose that under the conditions of part (b) parties sign the following contract: “at t=2, S
sells Q units to B, and B pays S P dollars”. Find the equilibrium level of trade and
investment. Find the contract {Q*,P*} that implements the first best. Compare Q* to the
average first best level of trade; provide intuition for the difference.

. Solve (c) assuming equal distribution of bargaining power between B and S. Compare (c)
and (d).

. FB:W= jzal"‘a;q(a;) 9@ 4 5 max.

1/4
do

Maximizing w.r.t. q(w) under certain o, and then w.r.t. ¢ one can get:

26" 0q - ?/(45"*) — max, => q = 46 w.

Substituting this into W, we get ¢'° = 1.

. If S has no bargaining power => at t = 2 P = q%/(4c™*) (B lives him no surplus) => at t=1 S's
expected utility is Us = —c => o = 0, and no trade occurs in this case.

t = 2: Ug = maxq {26 “wq — p | s.t. IRs holds } if renegotiation takes place.
IRs: p — 0%/(46"") — 6 = P - Q%(46"*) — 5 => p = ¢’/(45") + P — Q%/(4c™%).

Substituting into Ug we get



26 wq - (0%(4c™) + P - Q¥(4c"*)) — max.
Then q = 46™%0.
Att =1 seller maximizes

Us = E(p - g/(46™*)) - 6 = P — Q%(456"*) — 6 — max, (since he gets the same utility in
each state) =>

o =Q%16 =>Q*=4—inthiscase c = c'°.
P can be determined from IR constraint for S at t=0:
IRs: P - (Q*)%/(46™) -c™®=0=>P=5
FB-contractisQ =4, P =5.
If the parties have equal bargaining power.
t = 2: Surplus V = 26¥*wq - g%/(4c"*) — 26 wQ + Q%/(4c™*)
Us =%V + 26"0Q — P — max, => q = 46"%0.
Then seller's utility at t=2 in the state o is
Us(w) =% V + P — Q¥(4c™) = 26%*w’ — 6" 0Q — Q%/(8c™) + P.
Expected seller's utility at t=0 is
EUs = | Us(0)do — 6 = %367 = %2 6*Q - Q%/(86Y*) + P —5 — max..
FOC for this problem
Yo VA _ 1/85_3/4Q + QZ/(326_5/4) =1
o =07 =1satisfies itif Q=2 + /20
The expected surplusatt=0 ifc=1and Q=2 + J20 is
EW = EUg+ EUs = ¥/3=>EUs = 356> - % 6¥*Q - Q/(8c"") + P— 6 = EW/2 =

P:13/2+ @

FB-contract in this case Q = 2 + /20, P = ¥/, + /20 .

. An entrepreneur with no initial wealth has a project that requires an initial investment K and
whose output can take two values q € {0, 1}. The market interest rate is normalized to zero.
The entrepreneur offers a financial contract to an investor. After the initial investment, both
parties observe the realization of the state of the world 8 € {B, G}, which, however, is not
observable by a court and thus is not contractable. Instead a contract can be contingent on the
realization of a binary signal s, which is verifiable in a court. The signal is distributed as
follows: If 8= G then s = 1 with probability one. If &= B then s = 1 with probability y and s
= 0 with probability 1 —y. Assume that v is sufficiently small but strictly positive.

In each state of the world, an action a has to be taken: a € {S, C}, where S is interpreted as
"stop™ and C is interpreted as "continue"”. The probability of high output depends on the
realized state of the world and on the action chosen: Pr(q=1| &, a) = a,. (Note that ayalso
express the expected monetary return of the project given action a and state 6). While the
investor cares only about monetary returns, the entrepreneur also has a private nonmonetary
benefit h from choosing C rather than S. Monetary and non-monetary returns satisfy the
following inequalities:

Cc<Sg<Cg+h



Ce+h<Sg
Se—Ce<Sg-Cp

Actions cannot be described in an ex ante contract. Instead, a contract specifies control
rights, that is, it specifies which party has the right to choose the action. Besides, the contract
specifies the entrepreneur's compensation as a function of the realized s and g. If the party in
control chooses an action that is not Pareto optimal, the parties can try to renegotiate to an
optimal outcome. Assume that the entrepreneur has all the bargaining power in renegotiation.

For each of the following control structures, find the values of K for which a contract

implementing the first-best action choice is feasible:

i. entrepreneurial control;

ii. investor control;
iii. contingent control (E has control when s = 1, I has control when s = 0).
b. Under what conditions does each control structure dominate?

a. First-best:

C, =G

FB —
: (@_{s, 0=B'

Investment occurs when K < min{(Cg + h), Sg}.
Let Py s be payment to the entrepreneur. Then entrepreneur's gain is

State Action Payoff
G C CgP11+ (1 = Cg)Po1 + h
S ScP11 + (1 = Sg)Par
B C Cg (P11 + (1 —y)P10) + (1 = Cg)(yPo1 + (1 = )Poo) + h
S

Sg (YP11 + (1 = y)P10) + (1 — Sg)(yPo1 + (1 —7)Poo)

Investor's gain is

State Action Payoff
c | Co(l—Pi)—(1-Co)Pur
G
S S (1 —P11) = (1 — Sg)Po1
B C Cg (1 —yP11 = (1 = y)P10) — (1 = C)(yPo1 + (1 —¥)Poo)
S Sg (1 —yP11 = (1 —y)P10) — (1 = S)(yPo1 + (1 — ¥)Poo)

I. Entrepreneurial control.
The contract that implements FB under entrepreneur's control must satisfy following conditions

IRI,G . CG (1 - P11) — (1 — CG)P01 >K
IRI,B . SB (1 — YP]_]_ - (l - Y)Pj_o) — (1 — SB)(YPOJ_ + (l — Y)Poo) >K
ICE,G : (C(_;— SG)(Pll — P01) +h>0




ICes : (Se— Cg)(Y(P11 — Po1) + (1 — y)(P10 —Poo)) — h > 0.

Pqs >0 V0, s.

Assume that P11 = Po; = 0. Then IR, g is satisfied when Cs > K, ICg is satisfied if h > 0.
h

(1-7)(Ss —Cs)

To satisfy 1Cg g assume that Pgo = 0, P1o =

h

Then IR, g is satisfied if : Sg (1 —
SB _CB

)> K.

h

So, the investment occurs if K< min{Cg, Sg (1 -
SB _CB

)}

ii. Investor control.
C can be implemented under investor's control in the state G if following inequality holds
Cg (1 —P11) — (1 = Cg)Po1 > Se (1 — P11) — (1 = Sg)Po1 = (Ce— Sg)(1 — P11 + Po1) > 0.

Since Cg < Sg this implies that P1; — Po; > 1, but this contradicts with the investor IR constraint
= investor will choose S.

Renegotiation: entrepreneur pays to investor A in order to implement C. Since entrepreneur has
full bargaining power then

Co(1—P11)—(1-Cg)Pos+ A=Sc(1—P11) — (1 =Sc)Po1 = (Co— Sg)(1 — P11 + Po1) + A=0.
Entrepreneur will renegotiate if

ICe 6 CoP11 + (1 = Cg)Por + h— A > SgP11 + (1 = Sg)Po1 = (Co— Sg)(P11 + Por) +h—=A >0,
IREG CoP11 + (1 —Cg)Par +h—A>0.

Investment takes place if

IR| G Sc (1 —P11) — (1= Sc)Po1 > K.

In the state B S is implemented if

ICig (Se—Cs) (1 = y(P11 — Po1) = (1 = 7)(P10 — Poo)) = 0 = (P11 — Po1) + (1 =v)(P1o — Poo) <1
Investment takes place if

IR g S (1 —yP11— (1 —7)P10) — (1 — Sg)(yPo1 + (1 — y)Poo) > K

Also must be satisfied

IREg Sg (YP11 + (1 —y)P10) + (1 — Sg)(yPo1 + (1 — y)Poo) = 0.

So the system describing FB-implementing contract is

(Ce—Se)(1 — P11 +Py) + A=0.

ICec(Cs— Sc)(P11+ Po1) +h—A >0,

IREg CgP11 + (1 = Cg)Por +h—=A>0.

IR| G Sc (1 —P11) — (1 —Sg)Po1 > K.

ICig Y(P11—Po1) + (1 = y)(P1o— Poo) <1

IR; g Sg (1 —YyP11— (1 —7)P10) = (1 = Sg)(yPo1 + (1 — y)Poo) = K

IREg Sg (YP11 + (1 —y)P10) + (1 — Sg)(yPo1 + (1 — y)Poo) = 0.

Pqs =0 V0, s.



Assume that P13 = Pg; =0 = A = Sg — Cs. From ICg g and IRg g A < h — it is satisfied since
Sg < Cg + h. Then from IR, ¢ S > K.

The other inequalities will take the form

ICi8 (L —7)(P1o—Poo) <1

IR1g Se (1 - (1 —7)P10) — (1 — Se)(1 —y)Poo = K

IRE g SgP10 + (1 — Sg)Poo = 0.

All of them are satisfied if we assume P1p = Poo = 0. Then from IR, g K < Sg.
So, the investment occurs if K < min{Sg, Sg}

iii. Contingent control.

If s = 1 the entrepreneur chooses an action, then following equations must be satisfied:
- in the good state

ICec: (Co—Sg)(P11—Po) +h>0
IRig:Cs(l—P1)—(1-Cg)Po>K

- in the bad state

ICeg : (Sg— Cg)(P11 —Po1) —h>0.
IRig:Se(1—Pu)—(1-Sg)Pu>K

If s = 0 the investor chooses an action, then:
ICigP1o—Pop<1

IR 8 Sg (1 —P10) — (1 — Sg)Poo = K

IREg SgP1o + (1 — Sg)Poo > 0.

Assume Pg; =0 = ICgp is satisfied if Py; = > K, and

= from IRI,G :Ce (1 -

B B B B

h

fromIR;g: Sg(1—
1,B B( SB—CB

)> K.

If we assume P1g = Pgo = 0 = from IR, g Sg> K — it is always satisfied if IR, g holds.

So, the investment occurs if K < (1 —

)min{Cg, Sg}

B B

b. If the investment occurs then all the structures leads to the same total welfare. So we should
look at the conditions when these structures allow investment.

FB: K<min{(Cg + h), Sg}

) ) h
I. K<min{Cg, Sg (1 —
{Cos, S ( 5.-C, )}
i. K<min{Sg, Sg}
. K< (1- )min{Cg, Sg}

B B

(iii) is always dominated by (i), and (i) is always dominated by (ii), since Cg < Sg.



If we assume that ex ante probabilities of the good and the bad states are equal then the
conditions for the investment to be made are:

FB: K<0.5(Cg + h + Sg)

. h
. K<05(Cg+Sg(1-
(CotSall-5—5))
ii. K <0.5(Sg + Sg)
iii. K <0.5(1 - h )(Cs + Sg)
B~ “B

It is readily seen that again (iii) p (i) p (ii).
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