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A consumption event is memorable if the memory of the event affects well-
being at times after the material consumption. We develop an axiomatic model
of memorable consumption in a dynamic setting. Preferences are represented by
the present value of the sum of utilities derived at each date from the current
consumption and from recollecting the past. Our model accommodates well-
known phenomena in psychology, such as the peak-end rule, duration neglect,
and adaptation trends. We also provide foundations for a prominent special case
of the representation with the Markovian property. The model is illustrated in
application to life-cycle consumption-savings decisions and asset pricing.
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“We actually don’t choose between experiences, we
choose between memories of experiences. Even when we
think about the future, we don’t think of our future nor-
mally as experiences. We think of our future as antici-
pated memories.” — Daniel Kahneman (2010)

1 Introduction

Psychology and behavioral science have widely recognized that one’s subjective well-being

at any point in time is not determined simply by the consumption at that moment — the

recollection of past experiences plays a crucial role. This idea is at the core of a well-known

literature initiated by Kahneman and is supported by sizable experimental evidence.1 Evok-
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1Among many, see Elster and Loewenstein (1992), Diener, Suh, Lucas, and Smith (1999), Arieli and

Carmon (2000), Frey and Stutzer (2002), Kahneman, Diener, and Schwarz (1999), Kahneman (2000a,
2000b), and Kahneman and Thaler (2006). The idea that past memories may influence well-being goes
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ing early ideas of Bentham (1789) and Edgeworth (1881), Kahneman describes hedonic ex-

periences as consisting of sequences of moments that give rise to two distinct measurements,

so-called ‘moment utility’ and ‘remembered utility.’ The former expresses the instant de-

gree of pain or pleasure associated with moments, while the latter refers to the judgement

arising from the ex post recollection of the overall experience.2 This encompassing notion

of subjective well-being has reached out even to public policy; searching for more adequate

indicators of well-being beyond GDP per capita, policy makers often resort to large-scale

surveys, such as the World Happiness Report and the European Social Survey, that inquire

about citizens’ happiness and life satisfaction.3

From a behavioral perspective, a critical aspect lies in the elicitation of these more inclu-

sive measures of well-being from observables. Experienced utilities reflect hedonic states,

such as the perceived intensity of pain or pleasure, and their measurements are traditionally

based on self-reports of these feelings. The controversies are well-known and have to do with

inherent biases associated with self-reports, the difficulties to attribute ordinal meanings,

and to make interpersonal comparisons.4 The literature report puzzling findings in different

domains: controversial examples are the limited correlation between economic growth and

well-being in the well-known Easterlin’s Paradox (1974, 1995), as well as the significant

differences in life satisfaction among comparable countries (Kahneman et al., 2004). The

psychological phenomenon of hedonic adaptation may tempt one to conclude that even

life-changing events may not have any impact on long-run happiness (Brickman, Coates,

and Janoff-Bulman, 1978).

The main goal of this paper is to bring into formal analysis the psychological ideas of

moment and remembered utilities and develop the notion of memorable consumption by

modeling the dynamic effects of memories of past consumption on well-being. Natural ex-

amples of memorable consumption include extraordinary events, such as celebrations of

various occasions, life achievements, lottery wins, exotic dining and entertainment, vaca-

back, at least, to Smith (1759).
2Kahneman, Wakker, and Sarin (1997) provide a formal analysis of this distinction and propose a

measurement method based on the notion of ‘temporally extended outcomes.’
3At the national level, see, e.g., the Integrated Household Survey in UK. Diener (2000), Kahneman,

Krueger, Schkade, Schwarz, and Stone (2004), and Benjamin, Heffetz, Kimball, and Szembrot (2014) inquire
on the development of national indices of subjective well-being.

4Bond and Lang (2019) provide an econometric analysis that reports the difficulties encountered in
comparing two groups of individuals by their average happiness using scale-based surveys.
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tions, as well as bad customer experiences, job termination, or more traumatic life-changing

events. Apart from extraordinary events, enduring effects on well-being may grow from daily

experiences that are related, for instance, to the person’s income, place and conditions of

living, or social status.

Our contribution is threefold. First, we develop an axiomatic theory of a fully dynamic

model of memorable consumption. Our model accommodates well-known phenomena in

psychology, such as the peak-end rule, duration neglect, and adaptation trends. The ax-

iomatic theory shows that the model has strong uniqueness properties and allows identifica-

tion of the memorable effects of consumption in later periods separately from its material

effects at present. The axioms also help to distinguish memorability from other history-

dependent behavioral traits, such as habits, anticipation, and others. Importantly, we do

not rely on an exogenous identification of what goods or experiences are memorable — the

quality of being memorable is endogenously derived and subjective, and, thus, is allowed to

vary across individuals. Our second contribution is a theory of Markovian memory that rep-

resents a special case of our general model. The Markovian version enables thinking about

memory as a stock variable in a dynamic decision process and is suitable for solving it with

standard dynamic programming methods in applications. This specification also makes it

clear that memories influence the agent’s behavior in a more pronounced way if they gener-

ate greater utility values (“stronger effect”) or if they last longer (“longer effect”); in turn,

we can make interpersonal comparisons along these two dimensions. Third, we illustrate the

economic relevance and the analytical tractability of the model by introducing memorable

effects in two classic contexts — consumption-savings decisions and consumption-based as-

set pricing. Using the simplest baseline models, both applications indicate that memorable

effects may help to explain some well-known empirical puzzles.

1.1 The model’s essential components

We study memorable consumption in a dynamic framework of preferences over consumption

streams of different finite length.A typical consumption stream of length t is denoted by

f = (f0, f1, . . . , ft−1), where fτ ∈ C ⊆ RN for N ≥ 1 is the consumption bundle at time

τ = 0, . . . , t − 1. In its simplest and most general form, our agent evaluates a stream f
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according to the following criterion:

V (f) = t−1

∑
τ=0

βτ[u(fτ) +M(fτ−1, . . . , f0,0,0, . . .)]. (1)

As in the standard theory of exponential discounting, the parameter β ∈ (0,1) is a dis-

count factor, and the value of u(fτ) represents the direct utility of consuming bundle

fτ at time τ . The novel component is M(fτ−1, . . . , f0,0,0, . . .), which represents the util-

ity derived from the memory of the consumption history (fτ−1, . . . , f0). The expression

u(fτ)+M(fτ−1, . . . , f0,0,0, . . .) captures the agent’s total subjective well-being that can be

attributed to time τ . The value ofM(fτ−1, . . . , f0,0,0, . . .) is positive for pleasant memories

and negative for unpleasant memories that the agent would prefer not to carry over into

the future, if possible. Note that our agent is aware that different streams will generate

different memorable effects; she correctly anticipates these effects and includes them in her

decision process in a time-consistent way. Thus, Representation (1) aims at formalizing

Kahneman’s idea that people choose among memories of experiences, not simply among

experiences.5

History-dependent phenomena As mentioned earlier, memorable effects are not the

only potential reason for the past to affect the current utility. One striking example of

history dependence is the well-known Mom’s Treat (Machina, 1989, p. 1643). Suppose that

a mom has a single indivisible treat that she can give either to her daughter or to her son.

In principle, she is indifferent between giving the treat to either child. However, if her son

got a treat just yesterday, she will strictly prefer to give the treat to her daughter today.

Naturally, such a preference does not rely on whether a treat to a child is a memorable

experience — it is guided by concerns about fairness. There are many other reasons for

history dependence, including an intrinsic preference for variety,6 habit formation, and

anticipatory feelings. Therefore, our model is not intended to be a universal theory of

history-dependent utility; rather, we are interested in the phenomenon of memorability, its

effect on individual choices, and its relevance for economic analysis. Our focus manifests

noticeably in the proposed axiomatization, our results on identification and uniqueness,

5That is, anticipation emerges as a manifestation of agents’ rationality and it is distinct from the notion
of anticipation understood as savoring.

6Indeed, on the next occasion, a person would prefer to have different meals and read different fiction
books even if those meals or books are not worth recollecting and not memorable at all.
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and applications.

1.2 Special cases and applied relevance

Representation (1) provides a general structure for analyzing different processes by which

the memorable effect of past consumption may accrue over time. We look closely at three

special cases of that functional form.

Peak-end rule Our first example provides a time-dependent specification of the memory

function M that accommodates the so-called peak-end rule and duration neglect (Fredrick-

son and Kahneman, 1993). In these experimentally observed phenomena, the recollection

of a prolonged experience is driven by only two salient points — the peak of the intensity

and the most recent moment — while neglecting the duration of the experience.

Adaptation trends Our second example proposes a time-dependent specification of the

memory function M that captures adaptation to repeated similar experiences. In partic-

ular, an experience becomes memorable and generates utility at later dates depending on

its contrast with previous experiences. The proposed specification can be used in a wide

range of contexts, from capturing the role of breaks in repeated consumption experiences

to thinking about prevention of adaptation in the design of compensation schemes and

promotion of job satisfaction.

Markovian memory We study in more detail a special case of representation (1) in

which memory evolves according to a time-invariant Markov law. A consumption stream

f = (f0, . . . , ft−1) is evaluated according to

V (f) = t−1

∑
τ=0

βτ[u(fτ) +mτ−1], (2)

where mτ is computed as mτ = ψ(mτ−1, fτ) for τ = 0, . . . , t−2 and m−1 = 0. The key feature

of this specification is that the utility of memorable consumption can be thought of as a

“stock” variable that is determined at each point in time only by its value in the previous

period and the current consumption. Such recursive specification has the advantage of being

highly tractable and amenable to being used in applications, as shown in Section 2.

The rest of the paper is organized as follows. We next discuss the related literature.

Section 2 contains our two applications. Section 3 presents the general model and illustrates
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its applicability with two examples of time-dependent laws of motion for memory. Section 4

provides a foundation for the special case of time-invariant Markovian dynamics. Section 5

concludes with a brief summary. All proofs are contained in the Appendix.

1.3 Related Literature

Our theory gives rise to a special type of utility function that is not time-separable. The

agent’s well-being is generated by two components — the joy of instantaneous consumption

and the joy of memories. Preferences typically violate time separability with respect to

the memory component — and this is a natural property of memorable effects. Indeed,

memories generated by a fine dining experience may depend on the reference point set by

past experiences of that sort. At the same time, we wish to study memorability in its purest

form by departing in minimal terms from the standard paradigm: we thus assume that tastes

do not change over time and that the direct utility obtained from the current consumption

is not affected by the consumption history. This key feature is captured succinctly in our

axiomatization.7

The most closely related papers to ours are Gilboa, Postlewaite, and Samuelson (2016)

and Hai, Krueger, and Postlewaite (2019). They provide functional forms for the utility

generated from memorable goods and study how the latter affect optimal consumption.

They show that the consumption profiles of memorable goods exhibit spikes that are distinct

from the consumption profiles of durable goods. In both works, the key driving force is that

consumption of the memorable good generates additional flows of utility only if it exceeds a

threshold level determined by previous memorable experiences. Hai et al. (2019) focus on an

empirical analysis that further documents differences among memorable, durable, and non-

durable goods. Gilboa et al. (2016) extend the analysis to provide an axiomatic foundation

of the core component of the utility function — a structure of the form u(x, y) + v(y, z),
where the term u(x, y) represents the current utility of consuming the ordinary good x

and the memorable good y and the term v(y, z) is the memory utility from consuming y

currently and z in the past.

In comparison with the aforementioned works, we focus on the dynamic aspects of mem-

7By contrast, well-known models of, e.g., habit formation do not disentangle the direct value of con-
sumption from the influence of the history. Note also that, in applied settings, habits frequently lead to
opposite predictions in comparison with memorability, as argued by Hai, Krueger, and Postlewaite (2019).
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orability and provide an axiomatic foundation for a model that is cast in a multi-period

setting. Furthermore, the utility structure and the timing of memories’ generation are dif-

ferent: in the above works, material consumption gives rise to memories and starts to

generate utility exactly when the good is consumed. In our model, instead, memory starts

to generate additional utility from the moment after the material consumption has taken

place. Another point of departure is that we can apply our model to study choices between

consumption streams with multiple goods or with a single good; in either case, a good can

be ordinary or memorable depending on the agent’s subjective perception. We let the agent

reveal through her choices what is memorable for her.

In passing, we note that the literature treats memory as a cognitive constraint and

includes works such as Mullainathan (2002), Gilboa and Schmeidler (1995), and, more re-

cently, Bordalo, Gennaioli, and Shleifer (2020), among others. By contrast, we view memory

not as a constraint for the agent in achieving the best possible outcome, but rather as a

channel for the past to make additional contributions to the current well-being. Our model

is not focused on the way memory works, but on the memorability of experiences, its

contribution to well-being, and its effects on choice behavior.

Note that memorable goods might be reminiscent of durable goods since they both

generate additional flows of utilities after their purchase. Nevertheless, a typical durable-

goods model would not be sufficient to accommodate the variety of patterns exhibited

by memorable effects. Following an inventory-type dynamic, durable goods are subject

to a decay rate, and, typically, they are replaced after complete deterioration. As already

demonstrated in Gilboa et al. (2016) and Hai et al. (2019), memorable effects have a different

nature. For instance, memories can be good or bad, and their sign reflects into strong

asymmetries of the corresponding decay rates.8 Moreover, there might be no decay at all:

a person may derive pleasure from the narrative value of recollecting past experiences, and

storytelling itself may reinforce the value of memory. Furthermore, as mentioned earlier, the

utility from memories may be subject to effects such as the peak-end rule or adaptive trends

that are extraneous to the usual turnover of durable goods. Our model can accommodate

these empirical observations, as discussed in Section 3.4.

8Both introspection and empirical evidence indicate that bad experiences persist into one’s mind longer
and more strongly than good experiences. See, e.g., Baumeister, Bratslavsky, Finkenauer, and Vohs (2001).
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2 Memorable consumption in Macro and Finance:

Two illustrations

Before presenting our axiomatic characterization, we illustrate the economic relevance of

our model by applying the Markovian specification to two well-known contexts in macroe-

conomics and finance.

In macroeconomics, we introduce memorable consumption into a standard linear-quadratic

consumption-savings problem. In equilibrium, the solution exhibits two key features: (1)

the higher sensitivity of consumption to income shocks in comparison with the standard

models; and, (2) the negative dependence of the optimal consumption on the accumulated

stock of memory, which highlights the potential relevance of memorable consumption in

explaining some well-known puzzles about life-cycle dynamics of consumption and savings.

In finance, we extend the classic Lucas tree asset pricing model to allow for memorable

effects of consumption. With this extension, the memorability of consumption modifies the

incentives to reallocate consumption across time periods in different states of the economy.

We illustrate the impact of memorability on the levels, the volatility, and the dynamic

profile of the risk-free interest rate.

2.1 Consumption-savings decisions with memorable effects

Suppose that, in periods t = 0,1,2 . . ., a consumer receives income yt that is stochastic

and i.i.d. across time. There are no borrowing constraints, hence she can reallocate income

between periods by borrowing or saving at the gross interest rate R > 0. The time horizon

is infinite, and the future is discounted using discount factor β ∈ (0,1). For simplicity, we

assume that there is only one good (N = 1). Utility from physical consumption is given

by u(c) = c − 1
2
c2; utility from consuming memories conforms to a convenient special case

of (12), where the memory stock follows an AR(1)-type law given by ψ(m,c) = v(αv−1(m)+
(1 − α)c), m = v(m̃), and v(m̃) = bm̃ − 1

2
am̃2 with a, b > 0.9

9With this change of variable, the stock m̃t is measured in different “units” in comparison with (12),
leading to a convenient specification for applications: AR(1)-type law for memory and non-linear utility.
Note, also, that this example extends our specification (12) by considering infinite consumption streams.
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Thus, the consumer faces the following maximization problem:

maximize
{ct}∞t=0,{st}

∞

t=0
,{m̃t}∞t=0 adapted

E0 [∞∑
t=0

βt (ct − 1
2
c2t + bm̃t−1 −

1

2
am̃2

t−1)]
s.t. ct + st = yt +Rst−1 for t = 0,1, . . .,

m̃t = αm̃t−1 + (1 − α)ct for t = 0,1, . . .,
m̃−1 = 0,
s−1 is given.

(3)

Finally, assume that R = 1
β
, s−1 ≥ 0, and E[y] > 0.

Our goal here is to see how memorable effects change the standard Permanent-Income-

type solution of the model.10

The Lagrangian of the problem is

L = E0 [∞∑
t=0

βt (ct − 1
2
c2t + bm̃t−1 −

1

2
am̃2

t−1

−λt (ct + st − yt − 1

β
st−1) − µt(m̃t − αm̃t−1 − (1 − α)ct)) ]

and the First-Order Conditions become

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1 − ct − λt + (1 − α)µt = 0

− λt +Et[λt+1] = 0
β(b − am̃t) − µt + βαEt[µt+1] = 0.

By combining this system with the constraints, we eventually obtain the following solution:

ct = ((1 − β)yt + βE[y] + 1 − β
β

st−1) (1 + κ) − κm̃t−1, (4)

where κ ≥ 0 is a constant given by

κ =

√
1 − 2β(α2 − a(1 −α)2) + β2(α2 + a(1 − α)2)2 − (1 − β(α2 − a(1 −α)2))

2α(1 − βα) .11

Expression (4) has an intuitive interpretation. If the effect of memorability is absent

(a = 0 or α = 1), then κ = 0 and we recover Hall’s (1978) classic result that “consumption

10We ignore the usual issues related to non-monotonicity of the utility from consumption and the exact
structure of conditions at infinity.

11This consumption rule is supported by µt that depends on state variables also linearly, µt =
((1 − β)yt + βE[y] + 1−β

β
st−1 − m̃t−1)κ′ + β

1−βα
(b − am̃t−1), with a suitably chosen constant κ′.
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follows a random walk.” In this case, the agent consumes the sum of the fraction (1−β) of
the income shock yt−E[y], the average income E[y], and the interest from savings 1−β

β
st−1;

the fraction β of her income shock and the body of the savings are kept as savings. In

the presence of memorability (a > 0, 0 < α < 1), we observe that the agent exhibits a

stronger reaction to income shocks and consumes more out of them (κ > 0). Albeit framed

within a simplified setting, our finding suggests that memorable consumption may help

explain the well-known empirical evidence on excess sensitivity of consumption to income

changes.12 Moreover, the optimal level of consumption is negatively correlated with the

stock of memory — it increases as the stock of memory decreases, and vice versa. Such a

negative relationship indicates that material consumption (of memorable goods) and con-

sumption of memories behave as substitutes. This distinguishing feature contrasts typical

patterns observed in habit formation models where the habit stock and the consumption

level move in a complementary way, reinforcing each other.

To further illustrate, assume for a moment that there is no income uncertainty and

yt = E[y] for all t. Then, the consumption rule can be rewritten as ct = c̄t + κ(c̄t − m̃t−1),
where c̄t = E[y] + 1−β

β
st−1. In the standard linear-quadratic consumption-savings model,

the expression for c̄t corresponds to the permanent income. In our model, it becomes a

reference that determines the level of consumption, taking into account the accumulation

of memory. If m̃t−1 = c̄t, then the agent is in a steady state, and both her consumption

and the stock of memory will stay constant; if m̃t−1 exceeds c̄t, then she will consume less

than c̄t and opt for depleting part of her stock of memory; and, if m̃t−1 has not reached

c̄t, then she will consume more than c̄t in order to build up her stock of memory. From

the viewpoint of life-cycle profiles, these dynamics imply that agents tend to under-save

and over-consume when they are young (as they start with m̃−1 = 0 < c̄0). As the stock of

memory accumulates in subsequent periods, the gap will reduce and over-consumption will

attenuate. If we compare consumption paths across agents, then those with higher κ over-

consume more at young age, save less, and approach the steady state with lower savings.

This behavior is rational, and can be interpreted as hidden savings in the form of investment

in pleasant memories that substitutes for investment in financial assets. Furthermore, these

dynamics may represent one key source of support for the empirical evidence according to

12See, e.g., the surveys of Attanasio (1999) and Jappelli and Pistaferri (2010).
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which individuals consume too little at retirement age compared to the predictions of the

canonical model.

The magnitude of the agent’s excessive reaction to income shocks (relative to predictions

of the standard model), as well as features of the life-cycle consumption pattern such as

over-consumption when young, depend on the parameters of preferences through the value

of κ. Holding everything else fixed, κ is an increasing function of the parameter a that,

jointly with b, captures the strength of memorable effects of consumption. Hence, stronger

memorable effects lead to greater over-consumption at young ages, as well as stronger

reactions to income shocks. The longevity of memory is captured by the parameter α, and

the strength of its effect has the inverse U-shaped form.

To sum, we have shown that the introduction of memory effects in the simplest consump-

tion-savings model maintains the general random-walk structure of the solution; at the same

time, it helps to explain the excess sensitivity puzzle and generates time profiles in which

young agents under-save and over-consume, and old agents do the opposite. Moreover,

memory effects are distinct (and, in a sense, opposite) to habit effects.

2.2 Consumption-based asset pricing with memorable effects

This section introduces memorable effects into a classic Lucas tree framework (Lucas, 1978).

Consider an exchange economy with a representative consumer. There is a single productive

unit that costlessly produces a stochastic output dt at time t = 0,1,2, . . .. We first analyze

the case of i.i.d. dividends and then the more general Markovian case. The output is assumed

to be not storable, so the only way to reallocate wealth across periods is given by holding

assets. Let zt denote the share holding at the beginning of period t; owning zt = 1 is an

entitlement to all output produced at t. After the dividend is paid, shares are traded at the

price pt that the consumer takes as given. Note that this is a standard setup, traditionally

interpreted as a tree that produces a fruit in each period.

Utility from physical consumption in each time period is given by u(c), where u is a

strictly increasing, strictly concave and twice differentiable function. The consumer dis-

counts the future with the discount factor β ∈ (0,1). The novelty in this classic setup

is that physical consumption may have memorable effects: the stock of memory, repre-

sented by the variable m̃, is Markovian and evolves according to the linear (AR(1)-like)
11
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law m̃t = αm̃t−1 + (1 − α)ct. The contribution of the stock of memory m̃t−1 to the time-t

utility is v(m̃t−1), where v(m̃) = bm̃ − 1
2
am̃2 with a, b > 0. Thus, our consumer faces the

following maximization problem:

maximize
{ct}∞t=0,{zt}

∞

t=0
,{m̃t}∞t=0 adapted

E0 [∞∑
t=0

βt (u(ct) + bm̃t−1 −
1

2
am̃2

t−1)]
s.t. ct + ptzt = (pt + dt)zt−1 for t = 0,1, . . .,

m̃t = αm̃t−1 + (1 − α)ct for t = 0,1, . . .,
m̃−1 = 0,
z−1 is given.

(5)

Similar to the previous application, the agent’s objective function is a special case of our

Markovian model (2), in which we use m̃ as our state variable instead of m = v(m̃). We

assume that the economy operates in a region where v′(m̃) > 0 always holds.

The Lagrangian of the problem is

L = E0 [∞∑
t=0

βt (u(ct) + bm̃t−1 −
1

2
am̃2

t−1

−λt(ct + ptzt − (pt + dt)zt−1) − µt(m̃t − αm̃t−1 − (1 − α)ct)) ]
and the First-Order Conditions are⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u′(ct) − λt + (1 −α)µt = 0

− λtpt + βEt[λt+1(pt+1 + dt+1)] = 0
β(b − am̃t) − µt + βαEt[µt+1] = 0.

As in the original Lucas model, the market clearing condition in the goods market means

that ct = dt for all t. Since we are interested in prices, we can derive the value of the

stochastic discount factor — the pricing kernel that prices one-period-ahead returns at

time t — from the second equation in the above system and obtain a familiar expression:

Mt+1 =
βλt+1

λt
.

This stochastic discount factor can be used to derive prices of various assets in the economy.

For the purpose of illustrating our model of memorable consumption, we restrict attention

to the analysis of the risk-free interest rate (which is the reciprocal of the price of the risk-

free bond). The value of this rate at time t can be computed as

R
f
t =

1

Et[Mt+1] =
1

β

λt

Et[λt+1] =
1

β

u′(dt) + (1 − α)µt

Et[u′(dt+1)] + (1 − α)Et[µt+1] . (6)
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Memorable consumption affects Rf
t through the values of the multiplier µt and Et[µt+1].

We study its effects by first considering the special case of i.i.d. dividends. In this case,

the risk-free rate can be rewritten as

R
f
t =

1

β

u′(dt) + aβ(1 −α)( 1
1−βαm̃

∗ − 1
1−βα2 m̃t −

βα(1−α)
(1−βα)(1−βα2)E[d])

E[u′(d)] + aβ(1 − α)( 1
1−βαm̃

∗ − α
1−βα2 m̃t − 1−α

(1−βα)(1−βα2)E[d]) , (7)

where m̃∗ = b
a
is the level of the stock of memory that gives the agent the highest utility (the

“bliss point”), E[d] is the expected dividend (E[d] = E[dτ ] for all τ), and E[u′(d)] is the
expected value of the marginal utility. Note that the interest rate depends on the current

stock of memory m̃t, as well as on the parameters a and α, which capture the strength of

memory effects and the persistence of memory, respectively.

To interpret (7), fix, first, the stock of memory at its long-term average, m̃t = E[d]. Then,
the expression for Rf

t becomes

R
f
t =

1

β

u′(dt) + aβ(1−α)
1−βα (m̃∗ −E[d])

E[u′(d)] + aβ(1−α)
1−βα (m̃∗ −E[d]) .

In the absence of memory, the risk-free interest rate is high (above 1
β
) in “bad” states of

the world — the ones in which dt < (u′)−1(E[u′(d)]). Similarly, the rate is low (below 1
β
)

in “good” states — the ones in which dt > (u′)−1(E[u′(d)]). The presence of memory has

a “moderating” effect on the interest rates: in comparison with the no-memory case, the

interest rate decreases towards 1
β
in bad states and increases towards 1

β
in good states.

If the current stock of memory m̃t in (7) is allowed to vary, then additional effects will

emerge. Suppose that the stock of memory is below its long-term average (m̃t < E[d]); then,
the interest rate shifts upward. In comparison with the no-memory case, the interest rate

increases even further in the good state, whereas in the bad state the effect of memory may

be ambiguous. Suppose, instead, that the current stock of memory is above its long-term

average (m̃t > E[d]); then, the interest rate shifts downward. Compared to the no-memory

case, in the bad state the interest rate decreases even further, whereas in the good state

the effect of memory may be ambiguous.

The above effects are not limited to the i.i.d. case, and they emerge in the general

Markovian setting, too. Figure 1 illustrates a typical pattern of the interest rates in a

two-state process.

13

Date: 2021-11-06 12:16:34 Revision: f1ceba4



Figure 1.— Risk-free interest rates (gross) for two states. The interest

rates are plotted as a function of the parameter ρ that captures the per-

sistence of the state in the Markov process: ρ = 0 corresponds to the i.i.d.

case, and ρ = 1 means that the state does not change with time (in which

case, there is no uncertainty in the economy).

We conclude by summing up the observable implications of the model in this example.

• The presence of memorable consumption changes the level of the risk-free interest

rate. Past memories act as substitutes for material consumption, thus making agents

behave as if they were more patient. This finding points out a potential role for

memorable effects in explaining the well-known risk-free rate puzzle.13

• Memorable consumption has an impact on the volatility of the interest rates and asset

returns over time. Indeed, the effects of memorable consumption may have different

signs in different states. In our two-state example, in good states the agents prefer to

consume more and save less, which decreases the demand for saving and moderates

the fall of the interest rate. By contrast, in bad states the agents are less eager to

borrow because memories from the past can alleviate low current consumption, and,

hence, the interest rate does not rise that high.

13The puzzle stems from empirically observable risk-free rates that are too low. In the standard frame-
work with time-separable power utility, these rates could be explained by discount factors that are unreal-
istically high (see, e.g., Campbell (2003) for a discussion).
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• Finally, the dynamics of interest rates also change. With memorability, the interest

rate depends not only on the current state of the economy, but also on the length

of the runs of good or bad states in the past.14 Thus, even if the stochastic process

that governs dividends has the simplest Markovian structure, long (or double-dip)

downturns in the economy have stronger impacts on the interest rates in comparison

with ordinary cyclic downturns. In the former case, the stock of memory suffers a

deeper depletion and agents become increasingly eager to consume.

The natural next question is to investigate the effect of memorable consumption on the

price of risky assets. This analysis goes outside of the scope of this paper.

3 The general model

We are now ready to present our general model of memorable consumption. Our goal is

to propose a minimal deviation from the standard exponential discounting paradigm that

allows capturing the essential features of memorable consumption and distinguishing it

from other forms of history-dependent consumption.

3.1 Setup

Let C ⊆ RN for some N ∈ N be the space of consumption bundles, which we assume to be

nondegenerate and connected. Its typical element is denoted by c = (c1, . . . , cN). The set

Ft = Ct for t ∈ N represents the collection of consumption streams of finite length t, with the

typical element given by f = (f0, f1, . . . , ft−1). Also, let ⦸ denote the stream of length zero

and let F0 = {⦸}. We denote by F = ⋃∞t=0Ft the collection of all consumption streams of

finite length. The sets Ft for t ∈ N are endowed with the sup-norm topology. For an element

f ∈ F , let ℓ(f) ∶= t if f ∈ Ft.

For t ∈ N, let Lt = ∆ (Ft) be the space of lotteries (probability distributions with finite

support) over streams of length t, and let L = ∆(F) be the space of lotteries over all

consumption streams of finite length. The agent’s behavior is described by a preference

relation (complete preorder) ≿ on L.
As usual, for every P,Q ∈ L and α ∈ [0,1], the lottery αP + (1 − α)Q ∈ L is defined

14Although the uncertainty in the economy is Markovian, the interest rates now depend on two state
variables — the state of Nature and the accumulated stock of memory.
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by αP (f) + (1 − α)Q(f) for every f ∈ F . The spaces Lt for t ∈ N are endowed with the

weak-* topology: A net {Pα}α in Lt converges to P ∈ Lt iff, for any continuous and bounded

function U ∶ Ft → R, we have ∫ U dPα → ∫ U dP .

Our object of interest is a complete and transitive binary relation ≿ on L. From the

viewpoint of interpretation, if a lottery P delivers the stream f ∈ Ft for some t ∈ N with

probability p, then with probability p the agent receives the sequence of consumption

bundles f0 at date 0, f1 at date 1, and so on up to date t − 1, which represents the last

date of the agent’s lifespan.15 Naturally, the space of lotteries makes the agent’s lifespan

uncertain.

Throughout the paper, we use the following notation.

Notation. For any f = (f0, f1, . . . , fk) and h = (h0, h1, . . . , hm) in F and P ∈ L,
• let h∣f ∈ F denote the concatenated stream (h0, h1, . . . , hm, f0, f1, . . . , fk).
• let h∣P denote the lottery Q obtained from P by prepending h to the streams in the

support of P : Formally, Q is defined as Q(f) = P (f ′) if f = h∣f ′ for some f ′ ∈ F , and
Q(f) = 0 otherwise.

As usual, we identify a degenerate lottery that gives some stream f ∈ F with probability

one with the stream itself.

3.2 Axioms

We next introduce the behavioral properties that characterize memorable consumption.

They are organized into three groups: properties pertaining to the framework of lotteries

over consumption streams; key axioms capturing memorability effects; and few technical

assumptions.

Framework assumptions The first three assumptions are standard for models that deal

with both time and uncertainty.

The first axiom guarantees stability of tastes over time and is closely related to the

standard formulation of Koopmans (1960):

Axiom A1 (Stationarity). There exists a consumption bundle that we identify with 0 such

15The domain of preferences can be extended to also include infinite consumption streams (as in our
application in Section 2). Finite length streams are, however, both sufficient and necessary for developing
our theory.
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that, for any P,Q ∈ L, we have

P ≿ Q ⇔ (0)∣P ≿ (0)∣Q.
The second axiom imposes the basic economic principle that positive experiences dimin-

ish in value if postponed:

Axiom A2 (Impatience). For any P ∈ L such that P ≻ (0), we have

P ≻ (0)∣P ≻ (0).
Note that Stationarity and Impatience guarantee that our agents make dynamically

consistent choices, regardless of whether or not consumption has memorable effects.

Finally, Independence is the classic property that delivers the underlying expected utility

form:

Axiom A3 (Independence). For any P,Q,R ∈ L and α ∈ (0,1], we have

αP + (1 − α)R ≿ αQ + (1 − α)R ⇔ P ≿ Q.

Overall, the above framework assumptions guarantee that our agent behaves in a per-

fectly standard way in terms of attitudes toward time and risk.

Axioms pertinent to memory The next two key axioms delineate the behavioral fea-

tures of memorable consumption. As frequently occurs in axiomatic theory, they do not

give an explicit definition of the phenomenon by claiming that an agent is sensitive to

memorable effects if and only if a certain axiom holds. Instead, they have more of a sugges-

tive nature — they describe patterns that definitely hold for a standard textbook decision

maker and that should also be preserved under memorability. More importantly, they clar-

ify the notion of memorability by ruling out behavior that is not necessarily associated

with memory and by distinguishing memorability from other forms of history dependence.

The first axiom asserts that preferences between streams that differ only in the last-period

consumption are independent of consumption in previous periods.

Axiom A4 (Risk Preference Consistency). For any f, g ∈ F and p, q ∈ L1, we have

f ∣p ≿ f ∣q ⇒ g∣p ≿ g∣q.
17
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This axiom guarantees, in the first place, that tastes remain unchanged after varying

histories. In particular, it rules out various types of backward-looking reference-dependent

evaluations of the current consumption, such as those arising from habit formation, pref-

erences for intrinsic variety, and exposure to experience goods.

Furthermore, since the streams f and g can have different lengths, the above axiom

postulates that tastes and risk attitudes remain unchanged with the passage of time. In

particular, this averts potential psychological effects that the realization of extreme out-

comes may have on future risk-taking behavior.

The second axiom is concerned with tradeoffs between the direct value of consumption

and its contribution to the well-being in subsequent periods.

Axiom A5 (Memory-Consumption Tradeoff Consistency). For any t ∈ N, f, g ∈ Ft, and

p, q ∈ L1, we have

f ∣p ≿ g∣(1
2
p + 1

2
q) ⇔ f ∣(1

2
p + 1

2
q) ≿ g∣q.

To interpret this axiom, consider the following tradeoff between consumption in a fixed

(the last) period and pleasant memories that are generated by the consumption stream

from period zero to the second-to-last. Suppose that changes in the initial part of the

consumption stream can be counterbalanced by replacing a consumption lottery p in the

last period with a lottery that is a midpoint between p and some q. The axiom postulates

that, in this case, a similar replacement in the last period of the midpoint between p and q

with q — which is a replacement that has the same distance and direction in the space of

last-period consumption lotteries — should have the same counterbalancing effect. Thus, it

calibrates the relative effects of memory and consumption in quantitative terms. Note that,

together with the other assumptions, this axiom implies the following simple property: for

all f, g ∈ Ft, and p, q ∈ L1, we have that f ∣p ≿ g∣p if and only if f ∣q ≿ g∣q.16 This property

means that the desirability of f versus g is independent of last-period consumption. Thus, it

rules out additional effects on the subjective well-being that the agent may obtain in early

periods from the mere anticipation of her consumption in the last period (say, positive

anticipation of high consumption p versus negative anticipation of low consumption q).17

16We refer to Lemma 5 in the Appendix for a proof of this statement.
17Note that the simplest forms of anticipation effect — for instance, the case of a consumption p in a
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The full-fledged Memory-Consumption Tradeoff Consistency rules out additional forms of

forward-looking psychological effects.

The axioms of this section clearly hold in the standard model of discounted expected util-

ity. It is noteworthy, however, that they express consistency properties that hold only with

respect to the last-period consumption. The last period becomes significant in our theory

(and different from all preceding periods) because, effectively, the consumption in that pe-

riod is never memorable, as there are no subsequent periods in which a memory generated

in that period can be enjoyed. Our axioms allow for reference dependence in memory (as

will be illustrated by our examples) but rule out reference dependence in the direct value

of consumption. In turn, they formally capture our intention to model memorable con-

sumption in isolation from other behavioral phenomena, including habit formation (ruled

out by Risk Preference Consistency) and anticipation (ruled out by Memory-Consumption

Tradeoff Consistency).

Note that the memory-related axioms are formulated using deterministic consumption

streams of finite lengths, f and g, and their simple one-period extensions f ∣p, f ∣q, and so

on. This way, they are best suited for a mental experiment, for looking at them from the

normative perspective and discussing their meaning and the psychological traits that they

capture. At the same time, one may wonder how easy it is to practically observe and test

the choice patterns stipulated by the axioms. The answer is that memory-related axioms

can be easily tested using perturbations of some customary consumption stream or lottery

over streams and relying on the linear structure of preferences that we imposed earlier by

the Independence axiom. Indeed, the Risk Preference Consistency axiom holds if, for some

lottery P over consumption streams and some numbers α > β ≥ 0 such that α + β < 1, and

for any consumption streams f and g and one-period lotteries p and q, we have that

(1 − α − β)P + α(f ∣p) + β(f ∣q) ≿ (1 −α − β)P + β(f ∣p) + α(f ∣q)
implies

(1 − α − β)P + α(g∣p)+ β(g∣q) ≿ (1 −α − β)P + β(g∣p) +α(g∣q).
stream f ∣p, where f ∈ Ft, giving a constant f -independent utility boost in each of the first t periods — is
ruled out by the Risk Preference Consistency axiom. Indeed, that axiom asserts that p has the same value
after the initial stream f of arbitrary length t as after the stream g = ⦸ of length zero.
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Clearly, under Independence, there are many ways to test Risk Preference Consistency and

Memory Tradeoff Consistency axioms.

Technical requirements We conclude the list of axioms with few technical assumptions.

Axiom A6 (Continuity). (i) For all P ∈ L and all t ∈ N, the sets {Q ∈ Lt ∶ Q ≿ P} and
{Q ∈ Lt ∶ P ≿ Q} are closed. (ii) For all P,Q,R ∈ L, the sets {α ∈ [0,1] ∶ αP +(1−α)Q ≿ R}
and {α ∈ [0,1] ∶ R ≿ αP + (1 −α)Q} are closed.

Axiom A7 (Nondegeneracy). There exist c∗, c∗ ∈ C such that (c∗) ≻ (0) ≻ (c∗).
3.3 Basic representation

The following notation will be useful for stating the results throughout.

Notation. Let C∞0 denote the set of infinite sequences of elements of C for which only finitely

many elements are distinct from 0, where 0 is the element of C given by the Stationarity

axiom.

The space C∞0 is endowed with the following topology: a net {f (α)}α converges to some

f in C∞0 if and only if, for some T ∈ N such that ft = 0 for all t ≥ T , there exists an index α0

such that f
(α)
t = 0 for all α ≥ α0 and t ≥ T , and sup0≤t≤T ∣ft−f (α)t ∣ converges to zero. We also

say that a function Φ ∶ C∞0 → R is finite-horizon-bounded if and only if, for any T ∈ N, there

exists K > 0 such that, for any f ∈ C∞0 such that ft = 0 for all t ≥ T , we have ∣Φ(f)∣ ≤K.

We are ready to provide a behavioral characterization of preferences that exhibit mem-

orable effects of consumption.

Theorem 1. Let ≿ be a complete preorder on L. The following statements are equivalent:

(i) ≿ satisfies Axioms (A1)–(A7);

(ii) there exist a scalar β ∈ (0,1), a continuous and bounded function u ∶ C → R such that

u(0) = 0 and its range contains positive and negative numbers, and a continuous and

finite-horizon-bounded function M ∶ C∞0 → R with M(0,0, . . .) = 0, such that

V (P ) = ∑
f∈suppP

P (f) ℓ(f)−1

∑
t=0

βt[u(ft) +M(ft−1, . . . , f0,0,0, . . .)] (8)

is a utility representation of ≿ on L.
Theorem 1 delivers a preference representation that enriches the standard exponential

discounting formula to accommodate the memorable effects of consumption. The usual
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parameters of the evaluation formula are the scalar β, which represents the discount factor,

and the function u, which measures the utility of a bundle of goods at the time of material

consumption. Besides its direct value, consumption generates additional utilities in the

future, and their flow is measured by a novel object — the function M . Given a stream

f , the overall utility at time t is calculated as the sum u(ft) +M(ft−1, . . . , f0,0,0, . . .), in
which the second term specifies the utility derived from the recollection of past memorable

experiences. Thus, representation (8) can be interpreted as if the agent engages in two

forms of consumption, the material one and the consumption of memories, giving rise

to behaviorally distinct utilities. The notation for the arguments of the function M is

backward-looking: first goes the most recent past consumption, then the second-to-most-

recent, and so on. The sequence of arguments ends with an infinite sequence of zeroes since,

at each point in time, the preceding history is assumed to be finite.18 Note that, if no good

is perceived as memorable, then M(⋅) = 0 and the representation reduces to the standard

exponential discounting model.

Uniqueness The parameters β, u, and M are identified uniquely, as shown next. In

comparison to the standard uniqueness results in utility theory, the only minor difference

is that the functions u and M are unique only up to a positive multiplicative factor,

whereas arbitrary additive constants are not allowed because we impose the convention of

assigning the numeric value 0 to the neutral element identified by the Stationarity axiom.

Importantly, our uniqueness result ensures that our model cannot be reinterpreted in terms

of other history-dependent phenomena.

Proposition 2. Suppose that (β,u,M) is a representation of a binary relation ≿ on L as

in Theorem 1. Then, (β̂, û, M̂) is another such representation of the same binary relation

if and only if β = β̂, û = λu, and M̂ = λM for some λ > 0.

3.4 Time- and history-dependent memory

One well-known heuristic about the way people recollect prolonged experiences is called

the peak-end rule. Originally introduced by Fredrickson and Kahneman (1993), it builds

18A single memory function operating on infinite (but vanishing) streams could be replaced by a collec-
tion of functions operating on finite streams — M1(f0), M2(f1, f0), and so on. Specifying functions in this
way would require imposing additional constraints — it must be that M2( ⋅ ,0) ≡M1( ⋅ ), and so on.
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upon the view that any hedonic experience can be thought of as consisting of a sequence

of moments that can be identified, for instance, by the unfolding of time. The evaluation

of a retrospective experience, whether positive or negative, is determined by the average

of only two salient moments: the most intense value — namely, the peak — and the value

experienced at its end — namely, the end. One notable implication is that the duration of

an experience has no impact on its recollection. For instance, a short, but rather exotic,

vacation may generate more intense memories than a longer, but more ordinary, vaca-

tion. This pattern, dubbed duration neglect, is observed in numerous experimental studies

suggesting that prolonging an unpleasant experience by adding some extra moments of

diminished discomfort may mitigate the subsequent assessment of the overall experience.19

Our next example proposes a simple specification of the function M that accommodates

the empirical evidence on the peak-end rule and duration neglect.

Example 1 (Peak-end rule). Let the function M from representation (8) be defined as

M(0, . . . ,0´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
t

, fk, . . . , fk−l+1,0, fk−l−1, . . . , f0,0,0, . . .) = βt 1

2
(u(fj∗) + u(fk))K, (9)

for streams f ∈ F such that u(fj) > 0 for all j ∈ Z+ with k − l < j ≤ k, where t, k ∈ Z+,

l ∈ N, and l ≤ k + 1. Moreover, j∗ ∈ Z+ satisfies k − l < j∗ ≤ k and u(f(j∗)) ≥ u(f(j)) for
all j ∈ Z+ with k − l < j ≤ k. For streams that do not conform to the above pattern, set

M equal to zero.20 In this example, we identify the periods of no memorable “experiences”

(as understood in the works of Kahnemann) with zero consumption, and the duration of an

experience with the number of consecutive positive consumptions: in specification (9), the

most recent memorable experience lasted l periods. The parameter K > 0 is responsible for

the magnitude of the memory effect (relative to ordinary utility from consumption), and the

factor βt ∈ (0,1) leads to exponential decay of memory once the experience is over.

Note, also, that the rule (9) can be applied not only to the overall consumption (that

is, to fτ representing the entire bundle consumed in period τ), but also to one particular

dimension of the consumption, such as a generalized “vacation good.”

19For experimental evidence, see Varey and Kahneman (1992), Kahneman, Fredrickson, Schreiber, and
Redelmeier (1993), Fredrickson (2000), and Kahneman (2000a, 2000b). Arieli (1998) points out the rele-
vance of additional factors, such as the rate of change and the intensity trend.

20This example focuses on positive experiences; nevertheless, it can be easily adapted to cover negative
experiences, as well.
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To further illustrate, consider a stream of one-dimensional consumption (f0, f1, . . . , f10) =
(2,6,0,0,1,3,1,1,0,0,0), and suppose that u(x) = x and K = 1. Then, the sequence of

memory terms

M(f0,0,0, . . .),M(f1, f0,0,0, . . .), . . . ,M(f10, f9, . . . , f0,0,0, . . .)
is given by 2,6,6β,6β2,1,3,2,2,2β,2β2,2β3.

Another important class of behavioral regularities related to past memories is studied

in the well-known adaptation-level theory in psychology.21 The most relevant economic

prediction of the theory is that repeated exposure to the same good experience will gradually

attenuate the initial feeling of pleasure; similarly, persistent exposure to the same bad

experience will make the feeling of discomfort wane.

Our model is not intended to capture full-fledged adaptation-level theory. Indeed, our

axioms imply that the current utility from consumption is not reference-dependent. How-

ever, the memorability of experiences and their value at the time of recollection may well

depend on the past history of similar experiences and exhibit adaptation features, as shown

next.

Example 2 (Adaptation). Let the function M from representation (8) be defined as

M(ft, . . . , f0,0,0, . . .) = G(ft,A(ft−1, . . . , f0,0,0, . . .)), (10)

for all f ∈ F and t ∈ Z+, where A ∶ C∞0 → R is defined as A(ft, . . . , f0,0,0, . . .) = α∑∞τ=0(1 −
α)τft−τ , α ∈ (0,1), and G ∶ R×R→ R is a continuous function that is monotone in the first

argument and such that G(0,0) = 0.
The function A(ft−1, . . . , f0,0,0, . . .) represents the adaptation level acquired from con-

sumption up to time t−1 and sets the reference point for new memories at time t. The for-

mula for A can be equivalently written as A(ft, . . . , f0,0,0, . . .) = αft+(1−α)A(ft−1, . . . , f0,0,
0, . . .), making it clear that the coefficient α is the weight attributed to the most recent expe-

rience in determining the new adaptation level. The function G measures the utility value

of the memory from consuming bundle x after a history of consumption summarized by

the reference level r. In Tversky and Griffin’s (1991) terminology, A(ft−1, . . . , f0,0,0, . . .)
21See Helson (1947, 1948) for origins of the theory that started with the perceptual adaptation in vision.

More recent works include Frederick and Loewenstein (1999) and Diener, Lucas, and Scollon (2006).
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corresponds to the endowment level accumulated up to time t, whereas G quantifies the

contrast effect. The simplest specification for G can be G(x, r) = max{x − r,0}, in which a

positive flow of memory utility is generated only if the most recent consumption exceeds the

reference level. A more general specification for G may accommodate a broader spectrum of

adaptation trends in memories’ recollection and, in particular, may not necessarily require

new experiences to beat the prior record. Indeed, a person may have very high standards for

fine dining and, at the same time, enjoy pleasant memories from having coffee and pastries

in some regular bakery. Furthermore, reactions to new circumstances may result into only

partial adaptation.22 This is consistent with our subjective approach to memorability.

Adaptation-level theory gives rise to a number of well-known patterns. For instance, it

suggests that introducing an interval of lower consumption in a lengthy stream of positive

consumption may make the agent appreciate it more.23 Within our setup, we can exemplify

this idea by considering the following preference over mixtures of consumption streams:

1

3
(c, c,0, c, c,0, . . .) + 1

3
(0, c, c,0, c, c, . . .) + 1

3
(c,0, c, c,0, c, . . .) ≻

2

3
(c, c, c, c, c, c, . . .) + 1

3
(0,0,0,0,0,0, . . .).

According to the standard discounted expected utility, the agent should be indifferent be-

tween them because, at each date, she consumes c with two thirds probability and zero with

one third probability on both the left-hand and right-hand sides. However, if memorability

is taken into account, a constant stream of high consumption may generate less memory

(and less utility from memory) than streams in which high consumption is interrupted. Our

model can easily accommodate such a preference for intermittent consumption — if the

utility from recollecting past experiences follows an adaptation process, then an intermit-

tent profile will generate higher utility flows from memory than will an equivalent constant

one. This observation has prescriptive implications, and it may offer new insights into, for

instance, designing optimal wage schemes, promotions, or unemployment benefits.24

22In an empirical study, Diener et al. (2006) suggest that individuals may have multiple adaptation
points. They also report evidence on the heterogeneity of the adaptation process across individuals. Lucas,
Clark, Georgellis, and Diener (2004) report evidence on limited adaptation to unemployment.

23This prediction is supported by evidence from psychology and marketing. See, e.g., Ratner, Kahn, and
Kahneman (1999), Ariely and Zauberman (2000), and Nelson and Meyvis (2008).

24Kahneman and Thaler (1991) examine some implications of adaptation on job satisfaction.
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4 Markovian memory

This section studies a prominent special case of our general representation that is par-

ticularly suitable for applications, as illustrated in Section 2. Specifically, we provide a

behavioral characterization according to which the memory of past consumption follows a

Markovian law of motion: the value of memories (i.e., the utility derived from them) at any

time t is determined only by the corresponding value at time t − 1 and the consumption

at time t, and it does not depend directly on the patterns of consumption at earlier dates.

Hence, the utility from memorable consumption can be thought of as a “stock” variable

that is driven by the current consumption and evolves according to a time-invariant Markov

process.

To present the Markovian model, we need to introduce a few concepts. We start with

the notion of a tradeoff between memory and consumption.

Definition 1. We say that the memory after a stream f k-dominates the consumption z,

where k > 0, f ∈ F , and z ∈ C, if
(f ∣0) ≿ 1

k + 1
f +

k

k + 1
(f ∣z). (11)

We denote relationship (11) by f ≿m∶k z. A similar strict preference

(f ∣0) ≻ 1

k + 1
f +

k

k + 1
(f ∣z)

is denoted by f ≻m∶k z.

To understand the gist of this definition, observe that the left-hand side of (11), in

comparison to the right-hand side, offers the agent a greater chance of enjoying the memory

of f in the subsequent time period — on the left-hand side, the probability of enjoying such

a memory is one, while on the right-hand side it is only k
k+1 , a difference of 1

k+1 . In exchange

for that, the right-hand side offers the agent a potentially higher level of consumption

in the last period, z instead of zero.25 The additional consumption of z is available to the

agent with probability k
k+1 . Thus, the pattern in (11) describes a preference for enjoying the

memory produced by f over the direct benefits of consuming z. Moreover, this preference

25The use of the neutral element 0 on the left-hand side of (11) is convenient but not mandatory. This
and subsequent definitions can be modified to use a different reference point for measuring tradeoffs.
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is quantified: if the agent prefers the left-hand side, then, loosely speaking, the pleasure of

the memory produced by f is at least k times greater than the pleasure of consuming z.26

The notion of consumption-memory tradeoff allows us to compare consumption streams

in terms of their value for generating future memories. As formally stated next, a stream f

memory-wise dominates another stream g if, for any consumption bundle z that the agent

is willing to give up to enjoy the memory of g, she is willing to give it up to enjoy the

memory of f a fortiori.

Definition 2. For any f, g ∈ F , we say that

• f generates a higher value of memory for the next period in comparison to g if

g ≿m∶k z ⇒ f ≿m∶k z for all k > 0 and z ∈ C. We denote this relationship by f R≿ g.
• f generates a strictly higher value of memory for the next period in comparison to g

if g ≿m∶k z ⇒ f ≻m∶k z for all k > 0 and z ∈ C. We denote this relationship by f S≿ g.
• f generates the same value of memory for the next period as g if g ≿m∶k z ⇔ f ≿m∶k z

for all k > 0 and z ∈ C. We denote this relationship by f I≿ g.
The above definitions achieve two important goals. First, they provide a behavioral notion

of what it means for one consumption stream (f0, . . . , ft−1) to produce a higher-valued

memory for the period t relative to another stream (g0, . . . , gt−1), regardless of the utilities

that these streams generate for periods 0, . . . , t − 1. We will use this property shortly to

set up the Markovian case. Second, these definitions enable the comparison of the value of

memory for streams of different lengths. As a consequence, they can be used to verify that it

is, indeed, behaviorally meaningful to attribute the memory utility M(ft−1, . . . , f0,0,0, . . .)
to date t in the general representation (8).

We use the above definition to formulate our key axiom for the Markovian representation.

Axiom A8 (Markovian Property). For any f, g ∈ F ,
f I≿ g ⇒ (f ∣c) I≿ (g∣c) for all c ∈ C.

The antecedent of this property considers the situation in which the memory effect of f

is equivalent to that of g. That is, both streams generate the same value of memory in the

period following the consumption of their respective last component. The axiom maintains

26As is usually the case, the usage of lotteries allows us to give cardinal meaning to relationships between
utility levels.
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that if these two streams are extended by an additional period of identical consumption,

then the value of memories remains the same. This captures the idea of a Markovian process:

the memory generated by the extended stream depends only on the memory generated by

the original stream and the last-period consumption.

Our next theorem shows that this property, together with our basic axioms (A1)–(A7),

delivers a convenient time-invariant Markovian representation.

For a function ψ ∶ I × C → R, where I ⊆ R and 0 ∈ I, we say that it is normalized if

ψ(0,0) = 0, and it is recursively bounded if all sets It for t ∈ N ∪ {0} defined recursively as

I0 = {0} and It = ψ(It−1,C) for t ∈ N are bounded.

Theorem 3. Let ≿ be a complete preorder on L. The following statements are equivalent:

(i) ≿ satisfies Axioms (A1)–(A7) and (A8);

(ii) there exist a scalar β ∈ (0,1), a continuous and bounded function u ∶ C → R with u(0) =
0, an interval I of R that contains 0, and a normalized, continuous, and recursively

bounded function ψ ∶ I × C → I with rangeψ = I such that a utility representation of

≿ on L is V (P ) = ∑f∈suppP P (f)V (f) for all P ∈ L, where V (f) for all f ∈ F is

computed as

V (f) = ℓ(f)−1

∑
t=0

βt[u(ft) +mt−1],
where mτ = ψ(mτ−1, fτ) for τ = 0, . . . , ℓ(f) − 2,

m−1 = 0.

(12)

According to representation (12), the evaluation of a stream f at any time t is given

by u(ft) +mt−1, where u(ft) is the material utility of ft and mt−1 is the stock of memory

accumulated up to time t. The function ψ describes the process of incorporating the memory

effect of consuming ft into mt−1, giving rise to the next-period value, mt. Similar to all

specifications of the memory utility discussed earlier, memory may have long-lasting effects

here, as well. However, the dependence of mt on consumption in periods t − 1, . . . ,1,0 is

encapsulated in the previous stock of memory, mt−1. This is the nature of our Markovian

evolution of memory. Note that such a recursive process of computing the values of mt is

particularly tractable because the function ψ is independent of time.
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Uniqueness Theorem 3 represents preferences in terms of quadruples of the form (β,u, I,
ψ). These quadruples are unique up to rescaling, as shown next.

Proposition 4. Suppose that (β,u, I,ψ) is a representation of a binary relation ≿ on L as

in Theorem 3. Then, (β̂, û, Î , ψ̂) is another such representation of the same binary relation

if and only if β̂ = β and there exists λ > 0 such that û = λu, Î = λI, and ψ̂(m,c) = λψ(m/λ, c)
for all m ∈ Î and c ∈ C.
Comparative statics analysis The structure of the Markovian model makes salient

two independent dimensions along which one can measure the influence of memorable

consumption on choice behavior and, in turn, compare agents. One of them is longevity of

memories in the agent’s mind, that is negatively related to the rate at which past memories

decay. The other one is the sensitivity of the agent’s memory to new consumption and the

ability of the latter to increase the stock of memories, which also captures the strength of

memorable effects relative to the direct utility from consumption.

To illustrate, consider two agents with the same utility of consumption u(c) and the

same discount factor, and suppose that their Markovian evolution functions for memory

are ψi(m,c) = αimax{m,Kiu(c)} + (1 − αi)Kiu(c) for i = 1,2, where αi ∈ [0,1] and Ki > 0

are parameters. Then, we can say that αi and Ki capture the effects of, respectively, the

longevity of memory and the strength of memory for the agents. Moreover, these parameters

are independent, in the sense that if K1 > K2 then Agent 1 exhibits stronger effects of

memory, regardless of the values of α1 and α2; similarly, if α1 > α2, then Agent 1 exhibits

longer effects of memory, regardless of the values of K1 and K2.

5 Conclusions

We present a model of memorable consumption in a temporal setup. The model allows us

to elicit from observables whether consumption is memorable or not for the agent. Due

to the uniqueness properties, we can distinguish between the utility derived from material

consumption and the utility derived from the “consumption of memories;” moreover, those

utilities can be rightfully attributed to time periods. Our axioms consist of testable prop-

erties that distinguish memorable effects from other types of history-dependent behavior

that violate time separability.
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We devote special attention to the case of Markovian evolution of memory which should

be particularly useful for macro and other dynamic applications. The Markovian setting

brings to the fore two independent channels through which agents can be compared —

according to the strength of memorable effects and to the longevity of their memory. We

show that our model can accommodate various psychological evidence on intensity, dura-

tion, and interruption of experiences. Furthermore we illustrate the model in application

to the classical settings of life-cycle consumption-savings decisions and asset pricing in a

Lucas tree economy.

Appendix

A Proof of the basic representation

Lemma 5. Suppose that ≿ is a preference relation on L that satisfies the Memory-Con-

sumption Tradeoff Consistency and Continuity axioms. Then, for any t ∈ N, f, g ∈ Ft, and

p, q ∈ L1, we have

f ∣p ≿ g∣p ⇔ f ∣q ≿ g∣q.
Proof. First, we claim that, for any n ∈ N, and for any t ∈ N, f, g ∈ Ft, and p, q ∈ L1,

f ∣p ≿ g∣(n−1
n
p + 1

n
q) ⇔ f ∣( 1

n
p + n−1

n
q) ≿ g∣q. (13)

Indeed, for n = 1, this statement is a triviality. Suppose that it holds for some n ∈ N, and that

f ∣p ≿ g∣( n
n+1p +

1
n+1q) for some t ∈ N, f, g ∈ Ft, and p, q ∈ L1. Let q′ ∶= 1

n+1p +
n

n+1q. Note that

n−1
n
p + 1

n
q′ = n

n+1p +
1

n+1q and, hence, it follows from assumptions that f ∣( 1
n
p + n−1

n
q′) ≿ g∣q′.

Now, observe that q′ is the midpoint between 1
n
p + n−1

n
q′ and q. Therefore, by Memory-

Consumption Tradeoff Consistency, f ∣q′ ≿ f ∣q, which completes the inductive step.

Now, the claim of the lemma follows from (13) by taking the limit n → ∞. Indeed, fix

arbitrary t ∈ N, f, g ∈ Ft, and p, q ∈ L1. If f ∣p ≻ g∣p then, by continuity, for all sufficiently

large n, we have f ∣p ≻ g∣(n−1
n
p + 1

n
q), which gives f ∣( 1

n
p + n−1

n
q) ≻ g∣q by the previous step

and, in the limit as n → ∞, f ∣q ≿ g∣q. If g∣p ≻ f ∣p, then the claim similarly holds. By the

symmetry of the claim with respect to renaming p and q, the only remaining case is f ∣p ∼ g∣p
and f ∣q ∼ g∣q, in which the claimed equivalence holds, as well.
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Lemma 6. Let X be a connected separable topological space, Y a convex subset of a sepa-

rable topological vector space, and ≽ a continuous complete preorder on X × Y that has the

following properties:

(i) There exist x,x′, x0 ∈ X and y, y′, y0 ∈ Y such that (x, y0) ≻ (x′, y0) and (x0, y) ≻
(x0, y′).

(ii) For all x,x′ ∈X and y, y′ ∈ Y , (x, y) ≽ (x′, y)⇒ (x, y′) ≽ (x′, y′).
(iii) For all x,x′ ∈X and y, y′ ∈ Y , (x, y) ≽ (x, y′)⇒ (x′, y) ≽ (x′, y′).
(iv) For all x,x′ ∈X and y, y′ ∈ Y , (x, y) ≽ (x′, 1

2
y + 1

2
y′)⇔ (x, 1

2
y + 1

2
y′) ≽ (x′, y′).

Then, there exist a continuous function Ux ∶ X → R and a continuous affine function

Uy ∶ Y → R such that

(x, y) ≽ (x′, y′) ⇔ Ux(x) +Uy(y) ≥ Ux(x′) +Uy(y′).
Proof. To verify the conditions of Wakker (1989, Th. III.4.1), observe that the assumptions

of the lemma immediately guarantee the existence of two essential coordinates and that

the coordinate independence property is satisfied.

It remains to show that the hexagon condition holds. Indeed, suppose that a, b, c ∈X and

u, v,w ∈ Y are such that (b, u) ≍ (a, v)27 and (c, u) ≍ (b, v) ≍ (a,w). Our goal is to show

that (c, v) ≍ (b,w). Let r = 1
2
u + 1

2
w. We claim that

(a, r) ≍ (a, v). (14)

If (b, u) ≻ (a, r) then, on the one hand, (a, v) ≻ (a, r). On the other hand, (b, u) ≻ (a, r)
implies by (iv) that (b, r) ≻ (a,w), which means that (b, r) ≻ (b, v). We obtained a contradic-

tion with (iii). The situation (a, r) ≻ (b, u) similarly leads to a contradiction. We conclude

that (a, r) ≍ (b, u) ≍ (a, v). Then, observe that (c, u) ≍ (b, v) ≍ (b, r), where the first part

holds by assumption and the second follows from (14) and (iii). Then, (c, r) ≍ (b,w) by (iv).

As follows from (14) and (iii), we also have (c, r) ≍ (c, v). The desired relationship follows

by transitivity.

Now, we can apply Wakker (1989, Th. III.4.1) to obtain that there exist nonconstant

continuous functions Ux ∶ X → R and Uy ∶ Y → R such that

(x, y) ≽ (x′, y′) ⇔ Ux(x) +Uy(y) ≥ Ux(x′) +Uy(y′). (15)

27Here, we use ≍ to denote the symmetric part of ≽.
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It remains to show that Uy must be affine. Indeed, (15) and property (iv) imply that, for

any y, y′ ∈ Y ,

Uy(y) −Uy(12y + 1
2
y′) ≥ Ux(x′) −Ux(x)⇔ Uy(12y + 1

2
y′) −Uy(y′) ≥ Ux(x′) −Ux(x)

for all x,x′ ∈ X .

(16)

Fix an arbitrary [a, b] ⊆ rangeUx, where a < b, and let ε ∈ (0, b−a). Then, the arbitrariness
of x and x′ in (16) gives that, for any y, y′ ∈ Y such that ∣Uy(y) −Uy(y′)∣ ≤ ε,

Uy(y) −Uy(12y + 1
2
y′) = Uy(12y + 1

2
y′) −Uy(y′).

Applying it repeatedly, this equation can be extended to all y, y′ ∈ Y . Moreover, it can be

rewritten as Uy(12y+ 1
2
y′) = 1

2
Uy(y)+ 1

2
Uy(y′). By continuity, it implies that Uy is affine.

Proof of Theorem 1. Only if part. Suppose that ≿ is a complete preorder on L that

satisfies Axioms (A1)–(A7). Throughout the proof, we will write zt for t ∈ N to denote an

element of Ft such that zt = (0,0, . . . ,0).
Step 1. On the subset L1 ⊂ L, ≿ admits an expected utility representation: there exists a

continuous and bounded function u ∶ C → R such that p ≿ q⇔ Ep[u] ≥ Eq[u] for all p, q ∈ L1.
Let u be normalized such that u(0) = 0. Moreover, Nondegeneracy directly implies that the

range of u admits both positive and negative values.

Step 2. Independence, Part (ii) of Continuity, and Nondegeneracy ensure that the condi-

tions of the mixture space theorem (Herstein and Milnor, 1953) are satisfied and, therefore,

there exists an affine function V ∶ L → R that represents ≿ on L: P ≿ Q⇔ V (P ) ≥ V (Q)
for all P,Q ∈ L. By the uniqueness of the expected utility representation on L1, it must be

that the restriction of V to L1 is a positive affine transformation of the mapping p↦ Ep[u]
for p ∈ L1. Normalizing if necessary, assume that V (p) = Ep[u] for all p ∈ L1. Note that, by

the continuity axiom, V must be continuous when restricted to convex sets Lt for all t ∈ N.
Step 3. Risk Preference Consistency and Stationarity imply that, for all f, g ∈ F and

p, q ∈ L1,
f ∣p ≿ f ∣q ⇔ g∣p ≿ g∣q ⇔ p ≿ q.
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Hence, by the uniqueness of the expected utility representation, it must be that for all t ∈ N,

there exist αt ∶ Ft → R and βt ∶ Ft → R++ such that

V (f ∣p) = αt(f) + βt(f)Ep[u] for all f ∈ Ft and p ∈ L1.
Step 4. This step establishes an alternative representation for ≿ restricted to Ft ×L1 for

all t ∈ N: we claim that there exist continuous functions Wt ∶ Ft → R such that

f ∣p ≿ g∣q ⇔ Wt(f) +Ep[u] ≥Wt(g) +Eq[u]
for all f, g ∈ Ft and p, q ∈ L1.

If, for some t ∈ N, we have f ∣p ∼ zt∣p for all f ∈ Ft and p ∈ L1, then, as follows from

Stationarity, we can let Wt(f) = 0 for all f ∈ Ft.

Otherwise, we obtain the claim by Lemma 6: Assumption (iv) holds due to Memory-

Consumption Tradeoff Consistency, (iii) by Risk Preference Consistency, (ii) by Lemma 5,

and (i) with respect to the second coordinate holds by Nondegeneracy and Stationarity.

Therefore, there exist continuous Wt ∶ Ft → R and continuous affine W ′
t ∶ L1 → R such

that f ∣p ≿ g∣q ⇔ Wt(f) +W ′
t (p) ≥ Wt(g) +W ′

t (q) for all f, g ∈ Ft and p, q ∈ L1. Then, as
follows from Risk Preference Consistency, p ≿ q⇔W ′

t (p) ≥W ′
t (q) for all p, q ∈ L1. Hence,

by the uniqueness of the expected utility representation, it must be that, for all t ∈ N, W ′
t

are positive affine transformations of our representation of ≿ restricted to L1 obtained in

Step 1. Then, normalizing if necessary, we can assume that, for all t ∈ N, W ′
t (p) = Ep[u] for

all p ∈ L1.
Step 5. For all t ∈ N, the range of the mapping (f, p) ↦ Wt(f) + Ep[u] is convex, and,

therefore, by the uniqueness of ordinal representations, there must exist continuous and

strictly increasing functions ζt ∶ R→ R such that V (f ∣p) = αt(f) + βt(f)Ep[u] = ζt(Wt(f)+
Ep[u]) for all f ∈ Ft and p ∈ L1. Observe that, for any t ∈ N and any fixed f ∈ Ft, the

left-hand side of this equality is an affine function of p ∈ L1. Hence, ζt(⋅) must be positive

affine functions for all t ∈ N: ζt(x) = At + Btx for some At ∈ R and Bt ∈ R++. If we let

W̃t(f) ∶= At +BtWt(f) for all t ∈ N and f ∈ Ft, we obtain:

V (f ∣p) = W̃t(f) +BtEp[u] for all t ∈ N, f ∈ Ft, and p ∈ L1. (17)

Step 6. Since any c ∈ C can be expressed as a degenerate lottery δc ∈ L1, the Impatience

axiom directly implies that (c) ≻ (0, c) ≻ (0) for all c ∈ C such that (c) ≻ (0). By taking the
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limit c → 0 in the above and using continuity, we obtain (0,0) ∼ (0). Using Stationarity

and mathematical induction, it can be seen that zt ∼ (0) and V (zt) = 0; in turn, by (17),

we also have W̃t(zt) = 0.
Let β ∶= B1 and note that Impatience implies that β < 1. For any c ∈ C, let pc ∈ L1 be

defined as pc ∶= βδc+(1−β)δ0, and observe that V (0, c) = βu(c) = Epc[u] = V (pc), where the
first equality holds by (17) and the last equality by construction of V in Step 2. For any t ∈ N,

Stationarity gives that zt∣0∣c ∼ zt∣pc and, hence, by (17), Bt+1u(c) = BtEpc[u] = Btβu(c).
Since c was arbitrarily chosen, we have that Bt = βt for all t ∈ N and

V (f ∣p) = W̃t(f) + βt
Ep[u] for all t ∈ N, f ∈ Ft, and p ∈ L1. (18)

This equation holds also for t = 0 by letting W̃0 ∶= 0.

Step 7. Let M0 ∶ F0 → R be zero and Mt ∶ Ft → R for t ∈ N be defined as

Mt(ft−1, . . . , f0) ∶= β−t(W̃t(f0, . . . , ft−1) − V (f0, . . . , ft−1)). (19)

Using this definition in (18), we obtain that, for all t ∈ N and f ∈ Ft+1,

V (f0, . . . , ft−1, ft) = V (f0, . . . , ft−1) + βtMt(ft−1, . . . , f0) + βtu(ft).
Then, for all t ∈ N ∪ {0},

V (f0, . . . , ft) = t

∑
τ=0

βτ[u(fτ) +Mτ(fτ−1, . . . , f0)] for all f ∈ Ft+1.

Step 8. We claim that, for all t ∈ N and P ∈ L, V (zt∣P ) = βtV (P ). First, recall that
it was shown in Step 6 that V (zt∣0) = 0 for all t ∈ N. Now, fix t ∈ N, and observe that,

by Stationarity, both P ↦ V (P ) and P ↦ V ((0)∣P ) are representations of the restriction

of ≿ to L. Hence, by uniqueness of affine representations, there exists b > 0 such that

V ((0)∣P ) = bV (P ) for all P ∈ L. As follows from (18), it must be that b = β. The claim

now follows by induction. Note that, by (18), we also have W̃ℓ(f)+t(zt∣f) = βtW̃ℓ(f)(f) for
all t ∈ N and f ∈ F .

Step 9. Now, we can define M ∶ C∞0 → R for all h ∈ C∞0 by letting M(h) = Ml(h) for an
arbitrary l ∈ N such that hτ = 0 for all τ ≥ l. (Note that, by the result of the previous step,

this definition does not depend on the choice of l.) Then, for all t ∈ N ∪ {0},
V (f0, . . . , ft) = t

∑
τ=0

βτ[u(fτ) +M(fτ−1, . . . , f0,0,0, . . .)] for all f ∈ Ft+1.
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Step 10. Observe that M is continuous in the specified topology: for any t ∈ N, M(f)
coincides with Mt(f) for all f that are zero starting from time t. Functions Mt for t ∈ N

are defined through V and Wt that are continuous (Steps 2 and 4).

Furthermore, M is finite-horizon-bounded: for that, it is sufficient to show that Mt for

all t ∈ N are bounded. Indeed, note that we can rewrite (19) in Step 7 as Mt(ft−1, . . . , f0) =
β−t(V (f0, . . . , ft−1,0)−V (f0, . . . , ft−1)) for all f ∈ Ft. Then, the function V restricted to Ft

is bounded by the von Neumann-Morgenstern expected utility theorem because ≿ restricted

to Lt is a continuous preference relation. Representation (8) is now proven.

If part. Suppose that ≿ admits a utility representation via a function V , as specified

in (8). We next show that the axioms hold.

Stationarity. Let 0 ∈ C denote an element that is mapped by u into 0 ∈ R. Then, equa-

tion (8) gives

V ((0)∣P ) = ∑
f∈suppP

P (f)⎧⎪⎪⎨⎪⎪⎩u(0) +
ℓ(f)

∑
t=1

βt[u(ft−1) +M(ft−2, . . . , f0,0,0, . . .)]
⎫⎪⎪⎬⎪⎪⎭ =

u(0) + βV (P ) = βV (P )
for all P ∈ L, which implies that (0)∣P ≿ (0)∣Q⇔ P ≿ Q for all P,Q ∈ L.

Impatience. If P ≻ (0) for some P ∈ L, then, by (8), V (P ) > 0 and, hence, V (P ) > βV (P ).
As was proven above, βV (P ) = V ((0)∣P ), so V (P ) > V ((0)∣P ) and V ((0)∣P ) > 0.

Independence. Follows directly from the representation.

Risk Preference Consistency. For any f, g ∈ F and p, q ∈ L1, we have by (8) that f ∣p ≿
f ∣q⇔ Ep[u] ≥ Eq[u]⇔ g∣p ≿ g∣q.

Memory-Consumption Tradeoff Consistency. Define S ∶ Ft → R as

S(f) ∶= t−1

∑
τ=0

βτ[u(fτ) +M(fτ−1, . . . , f0,0,0, . . .)] + βtM(ft−1, . . . , f0,0,0, . . .).
Then, for any t ∈ N, f, g ∈ Ft, and p, q ∈ L1, we have by (8) that

f ∣p ≿ g∣(1
2
p + 1

2
q) ⇔ S(f) + βtEp[u] ≥ S(g) + βt (1

2
Ep[u] + 1

2
Eq[u]) ⇔

S(f) − S(g) ≥ βt (1
2
Eq[u] − 1

2
Ep[u]) ⇔

S(f) + βt (1
2
Ep[u] + 1

2
Eq[u]) ≥ S(g) + βtEq[u] ⇔ f ∣(1

2
p + 1

2
q) ≿ g∣q.
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Continuity. For each t ∈ N, the mapping Ft → R defined as f ↦ ∑t−1
τ=0 β

τ[u(fτ) +
M(fτ−1, . . . , f0,0,0, . . .)] is continuous and bounded by the corresponding properties of u

andM . Hence, when restricted to Lt, V defined by (8) is continuous in the weak-* topology,

which establishes the first part of the axiom. The second part follows immediately from the

expected utility structure of V .

Nondegeneracy. The property follows directly from the fact that the range of u contains

both positive and negative values.

Proof of Proposition 2. Let (β,u,M) and (β̂, û, M̂) represent the same binary relation

≿ on L as in Theorem 1. By Wakker (1989, Obs. III.6.6′), there exist λ > 0 and d, d′ ∈ R such

that û = λu+d, and M̂ = λM+d′. As required by Theorem 1, it must be that u(0) = 0 = û(0).
Thus, d = 0 = d′, implying that û = λu and M̂ = λM . Moreover, it clearly must be that β = β̂

for the two triples to represent the same binary relation. The sufficiency of the conditions

can be directly verified.

B Proofs of Theorem 3 and Related Results

We start with a preliminary lemma that will be useful to prove Theorem 3.

Lemma 7. Suppose that a complete preorder ≿ on L satisfies Axioms (A1)–(A7), and let

(β,u,M) be its representation as in Theorem 1. Then, for all z ∈ C and k > 0,

(f ∣0) ≿ 1

k + 1
f +

k

k + 1
(f ∣z) ⇔ M(fℓ(f)−1, . . . , f0,0,0, . . .) ≥ ku(z).

Proof. Let t ∶= ℓ(f). Using representation (8), we obtain

(f ∣0) ≿ 1

k + 1
f +

k

k + 1
(f ∣z) ⇔

V (f) + βtM(ft−1, . . . , f0,0,0, . . .) ≥
1

k + 1
V (f) + k

k + 1
[V (f) + βtu(z) + βtM(ft−1, . . . , f0,0,0, . . .)] ⇔

M(ft−1, . . . , f0,0,0, . . .) ≥ ku(z).

Proof of Theorem 3. Only if part. Suppose that ≿ is a complete preorder on L that

satisfies the specified axioms.
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Step 1. Let V ∶ L → R be a utility representation of ≿ as in (8), with β, u, and M as

specified in Theorem 1. Let I ∶= {M(ft−1, . . . , f0,0,0, . . .) ∣ f ∈ Ft, t ∈ N} and note that I

contains 0 bacause M(0,0, . . .) = 0. Define ψ ∶ I × C → I as follows: For r ∈ R and c ∈ C,
ψ(r, c) ∶= M(c, ft−1, . . . , f0,0,0, . . .), where f ∈ Ft for some t ∈ N is an arbitrary act such

that M(ft−1, . . . , f0,0,0, . . .) = r.
Step 2. We claim that, in the above definition of ψ, the value of ψ(r, c) is independent

of the choice of f . Indeed, fix an arbitrary c ∈ C, and let f ∈ F and f ′ ∈ F be such that

M(ft−1, . . . , f0,0,0, . . .) =M(f ′t′−1, . . . , f ′0,0,0, . . .), where t = ℓ(f) and t′ = ℓ(f ′). Let f̂ ∈ Ft−1

and f̂ ′ ∈ Ft′−1 be the truncated streams: f = f̂ ∣ft−1 and f ′ = f̂ ′∣f ′t−1. We have

M(ft−1, . . . , f0,0,0, . . .) ≥ ku(z)⇔M(f ′t′−1, . . . , f ′0,0,0, . . .) ≥ ku(z) for all z ∈ C and k > 0,

and, therefore, by Lemma 7,

f̂ ∣ft−1 ≿m∶k z ⇔ f̂ ′∣f ′t−1 ≿m∶k z for all z ∈ C and k > 0.

By Axiom A8, we have

f ∣c ≿m∶k z ⇔ f ′∣c ≿m∶k z for all z ∈ C and k > 0.

Applying Lemma 7 again, and since z and k are arbitrary, we conclude that M(c, ft−1, . . . ,
f0,0,0, . . .) =M(c, f ′t′−1, . . . , f ′0,0,0, . . .).

Step 3. Now, we show that rangeψ = I. Let r ∈ I be chosen arbitrarily. By definition,

r = M(ft−1, . . . , f0,0,0, . . .) for some t ∈ N and f ∈ Ft. Let r̃ =M(ft−2, . . . , f0,0,0, . . .), and
observe that ψ(r̃, ft−1) = r by the result of the previous step. Hence, r ∈ rangeψ.

Step 4. We claim that ψ is recursively bounded. Indeed, the sets It, t ∈ N ∪ {0} defined
recursively as I0 = {0} and It = ψ(It−1,C) for t ∈ N coincide with {M(ft−1, . . . , f0,0, . . .) ∣ f ∈
Ft} and, hence, are bounded for all t ∈ N ∪ {0} because M is finite-horizon bounded.

Step 5. Finally, we prove that ψ is continuous. Suppose, by contradiction, that ψ is not

continuous: there exist sequences {rn}∞n=1 in I and {cn}∞n=1 in C such that rn → r ∈ I,

cn → c ∈ C, ψ(rn, cn) → K ∈ R ∪ {−∞,+∞} as n → ∞, but K ≠ ψ(r, c). Passing to a

subsequence, we can assume that the sequence {rn}∞n=1 is either increasing or decreasing.

Note that I = ⋃∞t=1 It, where It = {M(ft−1, . . . , f0,0,0, . . .) ∣ f ∈ Ft}. Recall that M is

continuous; for each t ∈ N, Ft is connected and, hence, It is an interval; moreover, 0 ∈ It.
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Therefore, we can find some t ∈ N such that r ∈ It and rn ∈ It for all n ∈ N. Let f (1) and

f in Ft be such that M (f (1)t−1 , . . . , f
(1)
0 ,0,0, . . .) = r1 and M (ft−1, . . . , f0,0,0, . . .) = r. For

n ∈ N, n ≥ 2, let f (n) ∶= (1 − γn)f (1) + γnf , where, for each n ∈ N, n ≥ 2, γn is chosen

such that M (f (n)t−1 , . . . , f
(n)
0 ,0,0, . . .) = rn, which is possible by continuity. Passing to a

subsequence, {γn}∞n=1 converges, and, hence, {f (n)}∞n=1 converges to some f (∞) ∈ Ft. Observe

that r = limn→∞ rn = limn→∞M (f (n)t−1 , . . . , f
(n)
0 ,0,0, . . .) =M (f (∞)t−1 , . . . , f

(∞)
0 ,0,0, . . .) by the

continuity of M . By the result of Step 2, we have ψ(rn, cn) =M (cn, f (n)t−1 , . . . , f
(n)
0 ,0,0, . . .)

for all n ∈ N and ψ(r, c) = M (c, f (∞)t−1 , . . . , f
(∞)
0 ,0,0, . . .); by the continuity of M , we have

limn→∞M (cn, f (n)t−1 , . . . , f
(n)
0 ,0,0, . . .) = M (c, f (∞)t−1 , . . . , f

(∞)
0 ,0,0, . . .); and we obtain that

limn→∞ψ(rn, cn) = ψ(r, c), a contradiction to our assumption.

If part. Assume that there exist a scalar β ∈ (0,1), a function u ∶ C → R, and a function

ψ ∶ I × C → I for some interval I ⊆ R as described in the theorem, such that V (P ) =
∑f∈suppP P (f)V (f) for all P ∈ L, where V (f) is computed as in (12).

Let M ∶ C∞0 → R be defined as follows. For h = (h0, h1, . . . , ht−1,0,0, . . .) ∈ C∞0 , where

t ∈ N ∪ {0}, let m−1 = 0; for τ = 0, . . . , t − 1, mτ = ψ(mτ−1, hτ); and, finally, M(h) = mt−1.

Note that in this construction, the value of M(h) does not depend on the choice of t as

long as hτ = 0 for all τ ≥ t.

Clearly, M satisfies the normalization condition M(0,0, . . .) = 0.
Next, observe that it is also finite-horizon-bounded: for any T ∈ N ∪ {0}, the range of

M when restricted to the set {f ∈ C∞0 ∶ ft = 0 for all t ≥ T} can be computed recursively as

I0 = {0} and It = ψ(It−1,C) for t ∈ N and is bounded since ψ is recursively bounded.

Finally, we establish the continuity of M . Suppose that a net {h(α)}α converges to some

h in C∞0 . Hence, for some T ∈ N such that ht = 0 for all t ≥ T , there exists an index α0

such that h
(α)
t = 0 for all α ≥ α0 and t ≥ T , and sup0≤t≤T ∣ht − h(α)t ∣ converges to zero. Then,

M (h(α)) = ψ (ψ (. . . ψ (0, h(α)T−1) , . . . , h(α)1 ) , h(α)0 )→M(h) = ψ(ψ(. . . ψ (0, hT−1) , . . . , h1), h0)
because of the continuity of ψ.

Thus, we can apply the converse direction of Theorem 1 to conclude that Axioms (A1)–

(A7) hold. It remains to show that Axiom (A8) holds, as well.

Suppose that f, g ∈ F and x, y ∈ C are such that

f ∣x ≿m∶k z ⇔ g∣y ≿m∶k z for all z ∈ C and k > 0.
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By Lemma 7, this gives

M(x, fℓ(f)−1, . . . , f0,0,0, . . .) ≥ ku(z)⇔M(y, gℓ(g)−1, . . . , g0,0,0, . . .) ≥ ku(z) ∀z ∈ C, k > 0.
Due to the arbitrariness of z and k and the fact that rangeu takes both positive and negative

values, it must be that M(x, fℓ(f)−1, . . . , f0,0,0, . . .) = M(y, gℓ(g)−1, . . . , g0,0,0, . . .). Fix an

arbitrary c ∈ C. Then, M(c, x, fℓ(f)−1, . . . , f0,0,0, . . .) = ψ(M(x, fℓ(f)−1, . . . , f0,0,0, . . .), c) =
ψ(M(y, gℓ(g)−1, . . . , g0,0,0, . . .), c) =M(c, y, gℓ(g)−1, . . . , g0,0,0, . . .). By Lemma 7, again,

f ∣x∣c ≿m∶k z ⇔ g∣y∣c ≿m∶k z for all z ∈ C and k > 0.

Proof of Proposition 4. We will prove the necessity by using the fact that Theorem 3

is a special case of the general representation in Theorem 1. Let (β,u, I,ψ) and (β̂, û, Î , ψ̂)
represent the same binary relation ≿ on L as in Theorem 3.

Define M ∶ C∞0 → R recursively via ψ in the same way as in the proof of the “if part” of

Theorem 3, and, similarly, M̂ via ψ̂. As pointed out in that proof, such functionsM and M̂

satisfy the properties of Theorem 1. By the uniqueness result for the general representation

(Proposition 2), β = β̂, and there exists λ > 0 such that û = λu and M̂ = λM . Now, fix

arbitrary r ∈ Î and c ∈ C. Let t ∈ N and f ∈ Ft be such that r = M̂(ft−1, . . . , f0,0,0, . . .), and
note that r = λM(ft−1, . . . , f0,0,0, . . .). Then, by the construction of the functions M and

M̂ , we have M̂(c, ft−1, . . . , f0,0,0, . . .) = ψ̂(r, c) and M(c, ft−1, . . . , f0,0,0, . . .) = ψ ( 1λr, c),
which gives ψ̂(r, c) = λψ ( 1

λ
r, c).

The sufficiency of the conditions can be verified directly.
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